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Abstract

The useof constraintpropagationis the main featureof ary constraintsolver.

It is thusof prime importanceto managethe propagationin an ef cient and effec-
tive fashion.Therearetwo classe®f propagatioralgorithmsfor generalkconstraints:
ne-grainedalgorithmswheretheremoval of avaluefor avariablewill bepropagated
to the correspondingaluesfor othervariablesandcoarse-grainedlgorithmswhere
theremoval of avaluewill bepropagatedo therelatedvariables.Onebig adwantage
of coarse-grainedlgorithms like AC-3, over ne-grainedalgorithms,like AC-4, is
the easeof integrationwhenimplementingan algorithmin a constraintsolver. How-
ever, ne-grainedalgorithmsusuallyhave optimalworstcasetime complity while
coarse-grainedlgorithmsdon't. For example AC-3is analgorithmwith non-optimal
worstcasecompleity althoughit is simple,ef cient in practice andwidely used.In
this papemwe proposea coarse-grainedlgorithm,AC2001/3.1thatis worstcaseop-
timal andpreseresasmuchas possiblethe easeof its integrationinto a solver (no
heary datastructureto be maintainedduring search) Experimentatesultsshav that
AC2001/3.1is competitive with the best ne-grainedalgorithmssuchasAC-6. The
ideabehindthe new algorithm canimmediatelybe appliedto obtaina path consis-
teng algorithmthathasthebest-knavn time andspacecompleity. Thesamedeais
thenextendedo non-binaryconstraints.

Preliminaryversionsof this paperappearedn [BRO1, ZYO01].
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1 Intr oduction

Constraintpropagatioris a basicoperationin constraintprogramming.lt is now well-
recognizedthat its extensve useis necessarywhenwe want to ef®ciently solve hard
constraintsatishiction problems. All the constraintsolvers use propagationas a basic
step. Thus, eachimprovementto a constraintpropagatioralgorithmhasan immediate
effectonthe performancef theconstrainsolvingengine.ln practicalapplicationsmary
constraintsare of well-known typesfor which speci®calgorithmsare available. These
algorithmsgenerallyreceie a setof removedvaluesfor oneof the variablesinvolvedin
theconstraintandpropagateéhesedeletiongto the othervariablesof the constraint.They
areusuallyascheapasonecanexpectin cputime. This stateof thingsimpliesthatmost
of the existing solving enginesare basedon a constraint-orienteghropagationscheme
(ILOG Solver, CHOCO,etc.). We call the algorithmsusingthis schemecoarse-gained
algorithms.AC-3[Mac77a McG79 is agenericconstrainpropagatioralgorithmwhich
®tsthebestthis propagatiorschemelts successorAC-4,AC-6,andAC-7, indeedwere
written with avalue-orienteghropagatiorwherethe deletionof avaluein thedomainof a
variablewill be propagateanly to the affectedvaluesin the domainsof othervariables.
Algorithms usingthis propagatiorare called ne-grainedalgorithmshere. The coarse-
grainedcharacteristicof AC-3 explain why it is the algorithm which is usually used
to propagatehoseconstraintsfor which nothing specialis known aboutthe semantics
(andthenfor which no speci®calgorithmis available). Whencomparedo AC-4, AC-6
or AC-7, this algorithm hasa secondstrongadwantage namely its independencevith
respectto speci®cdatastructurewhich shouldbe maintainedif usedduring a search
procedure.Thus,it haseaseof implementation.Fine-grainedalgorithms,on the other
hand,have more complex implementatiorwith possiblyhigheroverheadsasthereis a
needto maintainsomecomple datastructures.

Unfortunatelytheworstcasetime compleity of AC-3is O(ed®), whereeis thenum-
ber of constraintsandd is the size of the maximumdomainin a problem. Fine grained
algorithmson the otherhandenjoy optimal worstcasecomplexity O(ed?) [MH86]. The
®ne-grainedalgorithmsare also more ef®cient when appliedto networks wheremuch
propagatioroccurs[BFR95,BFR99]while AC-3 is betterwhenthereis very little prop-
agation.

In this paper we presenta new algorithm,AC2001/3.1which is the ®rst worst case
optimal coarse-graineérc consisteng algorithm. This resultis somavhat surprising
sincedueto the non-optimalityresultof AC-3 [MF85] from 1985, it is widely held that
only ®ne-grainedalgorithmshave worst caseoptimality. AC2001/3.1presensthe sim-
plicity of AC-3while improving on AC-3in ef®cieng bothin termsof constraintthecks
andin termsof cputime. In our experiments AC2001/3.lleadsto substantiabainsover
AC-3 bothonrandomlygenerateéndreal-world instance®f problemsandcomparable
to AC-6,thefastest®ne-grainedalgorithm.

Theideabehindthenew algorithmcanbeappliedimmediatelyto obtainanewx simple
pathconsisteng algorithm,PC2001/3.1which hasthe sametime andspacecompleity
asthe bestknown theoreticalresults. We shov how to usethe sameideafor arc con-
sisteng on non-binaryconstraintsvith a new algorithm, GAC2001/3.1.We alsogive a
detailedcomparisorof coarse-grainednd®ne-grainedlgorithms.

Thepaperis organizedasfollows. The preliminariesaregivenin section2 beforethe



presentatiorof AC2001/3.1andits complexity analysisin section3. Section5 extends
theideato pathconsisteng andandgeneralisedirc consisteng. Experimentalesultsto
benchmarkinghe performanceof the new algorithmwith respecto AC-3andAC-6 are
shawvn in section4. We compareand contrastmostpropagatioralgorithmsin section6
beforeconcludingin section?.

2 Preliminaries

In this sectionwe give somebackgroundnaterialandnotationsusedherein.

De nition 1 A nite binary constraintnetwork (N ; D; C) consistof a nite setof vari-

ablesN = fxi;X2; ;Xn0, asetofdomainsD = fD;;D,; ;Dng, wheethedo-
mainD; (i 2 1:n)is a nite setof valuesthat variable x; cantake, and a setof con-
straintsC = fcp;  ; ceg, where eat constaint ¢, (k 2 1::€) is a binary relationon

two variables. A constrint on x; andx; is usuallydenotedby ¢j . (a;b) 2 ¢j means
that the constaint ¢ holdswhenx; = aandx; = b. For the problemof interesthere,

werequirethat8a;b a2 Di;b2 Dj;(a;b) 2 ¢; if andonlyif (b;a) 2 ¢;. Verifying
whethera tuple(a; b) wheea 2 D; andb2 Dj isin ¢; is calleda constraintcheck A

solutionof a constmaint networkis an assignmentf a valueto ead variable sud thatall

constaintsin the networkare satis ed.

For simplicity, in the abose de®nitionwe consideronly binary constraintspmitting
the unary constrainton ary variable[Mac77g. Without loss of generalitywe assume
thereis only oneconstraintbetweereachpair of variables.

Throughoutthis paper n denoteshe numberof variables,d the size of the largest
domain,ande the numberof constraintsn a constraininetwork. (x;; a) denotesavalue
a2 D;.

De nition 2 Givena constaint network(N ; D; C), the supportof a valuea 2 D; under
cj isavalueb2 Dj sudthat(a;b) 2 cj . Thevaluea is viable with respecto ¢; if
it hasa supportin Dj. A constaint c; is consistenfrom x; to x; , thatis alongthearc
(xi; x; ), if andonlyif everya 2 D; hasasupportin D; . Aconstaintc; isarcconsistent
if andonlyif it is consistentalongbotharcs (x;; xj ) and (x; ; X;). A constaint networkis
arcconsistentf andonly if everyconstaint in the networkis arc consistent.

Fromthe de®nition,we know thata constraintnetwork is arcconsistentf andonly if
everyvalueis viablewith respecto every constrainonits variable.

Beforepresentingandanalyzingthe new algorithm,let usbrie y recallthe AC-3 al-
gorithmwhichis givenin Fig. 1 asACX . Thepresentatiofiollows[Mac77a MF85] with
a slight changein notation,andnodeconsisteng removed. The nameof the algorithm
ACX is parameterizetdy X . For AC-3,the X is“-3” andthustheprocedureREVISEX
is “REVISE-3". For the new algorithm,AC2001/3.1the X is “2001/3.1” andthusthe
procedureREVISEX is “REVISE2001/3.1".

To enforcearcconsisteng in a constraintnetwork, a key taskof AC-3is to checkthe
viability of a valuewith respecto ary relatedconstraint. REVISE-3;; x; ) in Fig 2 is
to remove thosevaluesin D; without ary supportin D; underg; . If ary valuein D;
is removedwhenrevising (X ; X; ), all binary constraintgor arcs)pointingto x;, except



algorithm ACX
begin
1. Q f(xi;xj)jc 2Corgi2C;i6ijg
while Q notemptydo
selectanddeleteary arc(x;; xj) fromQ
2. if REVISEX (xi; x;) then
3. Q Q[ f(xk:xi)jxi 2Ck86jg
end

Figurel: A schemdor coarse-grainedrcconsisteng algorithms

procedure REVISE-3;; x; )
begin
DELETE false
for eacha 2 D; do
1 if thereisnob 2 D; suchthatc; (a;b) then
deletea from Dj
DELETE true
return DELETE
end

Figure2: ProcedurdREVISEfor AC-3

G i, will berevised(line 2 and3in Fig 1). A queueQ is usedto hold thesearcsfor later
processinglt canbeshawvn thatthis algorithmis correct.

Proposition1 ([Mac77a]) ApplyingalgorithmAC-3to a constaint networkmalesit arc
consistent.

Thetraditionalderivationof thecomplexity of AC-3is givenby thefollowing theorem
whoseproof from [MF85] is modi®edin orderto facilitatethe presentatiorin Section3.

Theorem 1 ([MF85]) Givena constaint network(N; D; C), thetime compleity of AC-
3is O(ed?).

Proof. Eacharc(x;;x;) is revisedif andonly if it entersQ. The obsenationis thatarc
(xi; x;) entersQ if andonly if somevalueof D; is deleted(line 2-3in Fig 1). So, arc
(xi; x;) entersQ atmostd timesandthusis revisedd times. Giventhatthe numberof
arcsis 2e, REVISE(;; x; ) is executedO(ed) times. The complexity of REVISE; ; X; )



in Fig 2 is atmostd?. Hence theresultfollows. 2

Thereadeis referredto [Mac77g MF85] for moredetailsandmotivationsconcerning
arcconsisteng.

Remark. In implementingthe queueto reducethe numberof queueoperationspne
way is simply enqueuehe variablewhosedomainhas shrunk,insteadof enqueueall
relevantarcs.Whenwe dequeue variablefrom the queuewe just revise all constraints
pointing to this variable. The methodis alsocalledvariableorientedpropagation.This
ideaappearedn [McG79] andin [CJ9]. In this method,for eachvariable,onemore
constraintis revised thanin the original algorithm AC-3. However, it seemsthat the
savzingsfrom enqueu@perationsvell compensatethis costin our experiments.

3 The NewAlgorithm

Theworstcasetime compleity of AC-3is basedon a naive implementatiorof line 1 in

Fig. 2 in which bis alwayssearchedrom scratch.However, from the analysiswe know

aconstraint(x; ; X; ) may berevisedmary times. Thekey ideato improve the ef®ciency
of thealgorithmis thatwe needto ®nd from scratcha supportfor avaluea 2 D; onlyin

the r strevisionof thearc(x;; Xj ), andstorethe supportin astructureLast ((x;; a); X; ).

Whencheckingtheviability of a 2 D; in thesubsequemntevisionsof thearc(x;; X; ), we
only needto checkwhetherits storedsupportLast ((x;; a); X; ) is still in thedomainD; .

If it wasremoved (becausef the revision of otherconstraints)we would just have to

explorethevaluesin D; thatare“after” the supportsinceits “predecessorshave already
beenchecledbefore.

Assumewithout loss of generalitythat eachdomainD; is associatedvith a total
ordering< 4. Thefunctionsucda; D; ), whereD; denoteshecurrentdomainof x; during
the procedureof arc consisteng enforcing,returnsthe ®rst valuein D; thatis aftera in
accordancavith < 4, or NI L, if nosuchanelemengxists. We de®neN | L asavaluenot
belongingto any domainbut precedingary valuein ary domain.

As a simple example, let the constraintcj; bex; = x;, with D; = D; = [1:11]
Theremoval of valuel1lfrom D; (say after the revision of somearc leaving x; ) leads
to arevision of (x;; x;). REVISE-3will look for a supportfor every valuein D;, for a
total costof 1+ 2+ :::+ 9+ 10+ 10 = 65 constraintchecks,whereanly (x;; 11)
had lost support. The new revision proceduremakes surethat for eacha 2 [1::10],
Last((x;; a);x;) still belongsto D; , and®ndsthatLast ((x ; 11); x; ) hasbeenremoved.
Looking for a new supportfor 11 doesnot needary constraintchecksinceD; doesnot
containary value greaterthan Last ((x;; 11); x; ), which wasequalto 11. It saves 65
constrainttheckscomparedo AC-3.

The new algorithm, AC2001/3.1,is the main algorithm ACX augmentedwith the
initialization of Last ((xi; a); Xj ) tobeN I L for ary constrainic; andary valuea 2 D;.
The correspondingevision procedure REVISE2001/3.1s givenin Fig. 3. In Fig. 3,
line 1 checksif the supportin Last is still valid andotherwiseline 2 makesuseof the
domainorderingto ®nd the ®rst supportafterthe old one. We now show the correctness
of AC2001/3.1.



procedure REVISE2001/3.1X;; X; )
begin
DELETE false
for eacha 2 D; do
b Last(xj;a);x;)
1 if b2 D; then
b  succb;Dj)
2. while (b6 NIL)and(: ¢j (a;b)) do
b sucdb;Dj)
if b6 NIL then
Last(xi;a);Xj) b
else
deletea from Dj
DELETE true
return DELETE
end

Figure3: ProcedurdREVISEfor AC2001/3.1

Theorem2 Applyingalgorithm AC2001/3.1to a constaint networkmalesit arc consis-
tent.

Proof. AC-3 and AC2001/3.1have exactly the sameinitialization phaseexcept that

AC2001/3.1storesLast ((xi; &); Xj ), the supportfoundfor eacha on eachg; . It is suf-

®cientto shov thatREVISE-3 % ; X; ) andREVISE2001/3.1x;; X; ) areequivalentgiven

thatD; andD; arethe samewheneitherprocedurds called. In otherwords, a values
is deletedby REVISE-3iff it is deletedby REVISE2001/3.10bviously the returnvalue

would alsobe the samefor both proceduresWithout lossof generality we canassume
thatREVISE-3visits the samevaluesasthe orderingusedin < 4.

Supposevaluea is deletecby REVISE-3.Line 1 in REVISE-3tellsusthata hasno
support.Consequentiyline 1 in REVISE2001/3.1s alsotrue andthewhile loopin line
2 will not®nd ary support.Hencea will bedeleted.

Now considerREVISE2001/3.1deletinga valuea. Let b be the previous support,
Last(x;; a);x;). Sinceline 1 will be true, bis nota supportfor a. The while loop at
line 2 alsodoesnt ®nd for a ary supportafterb. Now supposéhereis a supportd such
thatk® <4 b. It mustalsobe a supportfor a in all the previous domainsof x; . Hence,
Last(xi;a);X;) q b°, whichcontradictd= Last(Xx;; a); X; ). Thus,a hasno supportin
D; andwill alsobedeletedby REVISE-3.

Propositionl impliesthat AC2001/3.1achievesarc consisteng on a constraintnet-
work. 2

Next, we shav thatAC2001/3.1hasoptimal worstcasetime compleity.



Theorem 3 Theworst casetime compleity of AC2001/3.1is O(ed?) with spacecom-
plexity O(ed).

Proof. Hereit is helpful to regard the executionof AC2001/3.1on an instanceof a
constraintnetwork asa sequencef callsto REVISE2001/3.1X;;; X; ).

Considetthetotal time spentonanarc(x;; xj ). Fromtheproofin Theoreml, thearc
(xi; x; ) will berevisedat mostd times.

Inthel™(1 | d) revisionof (xi;x;), lett; bethetime for searchinga support
for avaluea 2 D;. t; canbe consideredhs1 if Last((x;;a);X;) 2 D; (seeline 1in
Fig. 3) andotherwiseit is s whichis simply thenumberof elementsn D; checledafter
Last((x;; a);X; ) andbeforethe next supportis found (thewhile loopin line 2). So,the
total time of thealgorithmspentona 2 D; with respecto (x;; x; ) is

xd xd xd
1 1+ S|
1 1 1

wheres; = 0if t; = 1. ObserethatREVISE2001/3.1X;; X; ) &‘:hecksmelementin Dj
at@ostoncewhenlooking for asupportfor a 2 D;. Therefore, '1' s, dwhichresults
in" 9t 2d.

To revise (x;; Xj ), we needto ®nd a supportfor eachvalueof D;. For thereareupto
d valuesin Dj, atmostO(d?) timewill bespenton revisingthearc(xi; X; ).

Hence the compleity of AC2001/3.1is O(ec?) sincethe numberof arcsin the con-
straintnetwork is 2e (oneconstraints regardedastwo arcs).

Thespaceompleity of AC2001/3.1is boundedabore by thesizeof Q, andthestruc-
tureLast. Q canbeof compleity in O(n) or O(e), dependingnthetheimplementation
of thequeue.Thesizeof Last isin O(ed) sinceeachvaluea 2 D; needsaspacen Last
with respecto eachconstraininvolving x; . ThisgivesaO(ed) overallspacecomplexity.
2

4 Experimental Results: AC2001/3.lversusAC-3and AC-6

We presentedhC2001/3.1are®nemenbf AC-3with optimalworstcaseime compleity.
It remainsto seewhetherit is effective in saving constraintchecksand/orcputime when
comparedo AC-3. As we saidpreviously, the goalis not to competewith AC-6/AC-7,
which have very subtledatastructurefor the propagatiorphase.However, we will see
in the experimentalresultsthat AC2001/3.1is often competitive with these®ne-grained
algorithms.

Therehave beenmary experimentalstudieson the performanceof generalarc con-
sisteny algorithms[Wal93, Bes94 BFR99]. Here,we take problemsusedin [BFR99],
namelysomerandomCSPsandRadioLink Frequeng AssignmenfroblemgRLFAPS).
Giventhe experimentaresultsof [BFR99], AC-6 is choserasa representatie of a state-
of-the-artalgorithmbecausef its goodruntime performancepver the problemsof con-
cern.In addition,a new arti®cial problem,DOMINO, in the samevein asthe problemin
Fig. 5in [DP88,, is designedo studytheworstcaseperformancef AC-3.
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Figure4: Thedominoproblem

Randomly generated problems. For the randominstanceswe useda model B
generatoffPro9q. The parameterareN;D;C;Ti, whereN is the numberof vari-
ables,D the size of the domains,C the numberof constraintthe densitypl is equal
to2C=N (N 1)), andT thenumberof forbiddentuplesper constraintthe tightness
p2 is equalto T=D?). We usedthe generatoavailablein [FBDR96. For eachclassof
problemstested we ranthe ®rst 50 instancegeneratedisingtheinitial seed1964 (asin
[BFR99]).

RLFAP. Theradiolink frequeng assignmenproblem(RLFAP) is to assigrfrequen-
ciesto communicatiorlinks to avoid interferencgCdGL* 99]. We usethe CELAR in-
stancef RLFAP which are real-life problemsavailablein the FUllRLFAP archive® at

ftp://ftp.cs.unh.edu/pub/csp/archive/cod e/benc hmarks .
DOMINO. Informally theDOMINO problemis anundirectectonstraingraphwith n
variablesandacycle of constraintsThedomainof ary variablex; isD; = f1;2;:::;dg.

TheconstraintsareC = f¢j(j4q) j8i 2 1::n 1g[ fcingwherecy, = f(d;d)g[ f(v;v+

1) j v < dgis calledthe trigger constaint andthe otherconstraintdn C areidentity
relations. (Seethe valuebasedconstraintgraphin Fig. 4.) A DOMINO instanceis thus
fully characterizetby the pair of parametersn; di. Thetriggerconstraintwill make one
valueinvalid during arc consisteng andthatvaluewill triggerthe dominoeffect on the
valuesof all domainsuntil eachdomainhasonly onevalued left. So, eachrevision of
anarcin coarse-grainedlgorithmsremovesonevaluewhile ®ne-grainedalgorithmsonly
do the necessaryork.

Somedetailsof our implementatiorof AC2001/3.1and AC-3:0 areasfollows. We
implementeddomainsandrelatedoperationsby double-linked lists. The Q in AC-3is
implementedas a queuewith a FIFO policy. For AC-6, we notedthat using a single
currentlysupportedist pervalueis fasterthanusingmultiple lists with respecto related
constraintsasneededor AC-7. This maybe onereasorwhy AC-7 is slowerthanAC-6
in [BFR9Y. Ourimplementatiorof AC-6 adoptsa single currentlysupportedist. The
codeis written in C++ with g++. The experimentsarerun on a PC Pentiumll 300MHz
processomwith Linux. The performanceof arc consisteng algorithmshereis measured
alongtwo dimensionsrunningtime andnumberof constraintchecks#ccks).

1we thankthe Centred'ElectroniquedeI'Armement (France).



AC-3 AC2001/3.1 AC-6 )
#ccks  time #ccks  time time

P 1 (underconstrained) 100,010 0.04 100,010 0.05 0.07
P 2 (over-constrained) 507,783 0.18 487,029 0.16 0.10
P 3 (phaseransitionof AC) || 2,860,542 1.06 688,606 0.34 0.32
P 4 (phaseransitionof AC) 4,925,403 1.78 || 1,147,084 0.61 0.66
SCEN#08(arcinconsistent) || 4,084,987 1.67 || 2,721,100 1.25 0.51

Tablel1: Arc consisteng resultsin meannumberof constraintchecks(#ccks)andmean
cputime in secondgtime). (*) The numberof constraintchecksperformedby AC-6 is
similarto thatof AC2001/3.1asdiscussedn Section6.

4.1 Arc Consistencyasa PreprocessingStep

The ®rst setof experimentsshavs the ef®ciengy of AC2001/3.1lwhenarcconsisteng is
usedfor preprocessingwithout search).In this case the chanceto have somepropaga-
tionsis small on real instances.As such,we alsochooseproblemsfalling in the phase
transitionof arcconsisteng (seelGMP* 97]). To seethedifferentbehaiours,we present
resultsfor randomlygeneratednstancewith differentcharacteristicgthosepresentedh
[BFR99]) andon a RLFAP instancewhereenforcingarc consisteng wasnottrivial:

P1=h150, 50; 500, 1250, underconstrainedCSPs,whereall generatednstances
arealreadyarcconsistent;

P2=h150; 50; 500, 2350, over-constrainedCSPswhereall generatedhstancesre
arc inconsistentwhich meanghattheinstancesarenot satis®ableandthis canbe
detectedy enforcingarcconsisteng;

P3=h150; 50; 500, 2296 andP4=1%0; 50; 1225 2188, problemsin the phasetran-
sition of arcconsisteny;

the RLFAP instanceSCEN#08which is arcinconsistent.

Table 1 presentghe results. For the randomlygeneratednstancesthe numberof
constraintcheck(#ccks)andtime areaveragedover the 50 instancesn eachclass. The
underconstrainedP1) andover-constrainedP2) problems.representasesvherethere
is little or no propagatiomeededo reachthearcconsistenbr arcinconsistenstate.This
is the bestcasefor AC-3. The AC2001/3.1algorithmstill givescomparableuntimes,
which indicatesthatthe overheadncurredby AC2001/3.1is not signi®cantsincein P1
thereareno savingsin constraintthecksandP2 only savesabout4% of the checks.

The P3instancesaresparseroblems(with a densityof 4.5%)at the phaseransition
of arc consisteng. The P4 instancesare denseproblems(with a completegraph)also
at the phasetransitionof arc consisteng. Usually muchpropagatioris needecdn these
problemsto make thenetwork arcconsistentWe seethatheretheruntimeof AC2001/3.1
is signi®cantlyfasterthanAC-3 dueto large savingsin the numberof constrainichecks.

The ®nal experimentreportsthe resultsfor a real-life problem, SCEN#08. Here,
AC2001/3.1alsosaresa signi®cantamountof constrainichecksandis alsofaster



MAC-3 MAC2001/3.1 MAC6
#ccks  time #ccks  time time
SCEN#01 5,026,208 2.33 || 1,983,332 1.62 2.05
SCEN#11 77,885,671 39.50 || 9,369,298 21.96 14.69
GRAPH#09 6,269,218 2.95 || 2,127,598 1.99 2.41
GRAPH#10 6,790,702 3.04 || 2,430,109 1.85 2.17
GRAPH#14 5,503,326 2.53 || 1,840,886 1.66 1.90

Table 2: Resultsfor searchof the ®rst solution with a MAC algorithm in numberof
constraintthecks(#ccks)andcputime in secondgtime).

In orderto compareAC2001/3.1to AC-6, it is necessaryo ®rst understandhatthey
performthe samenumberof constraintchecks(seeSection6). Herethe runtimesshov
thatfor mostof the problemsAC2001/3.1and AC-6 arecomparableandwe will return
againto this comparisorwith the DOMINO problem.

4.2 Maintaining Arc Consistencyduring Search

Thesecondsetof experimentsve presentn thissectionshavsthebehaiour of AC2001/3.1
whenarcconsisteng is maintainedduringsearciMA C algorithm[SF94) to ®nd the®rst
solution. We presentesultsfor all theinstancesontainedn the FullRLFAP archive for
which morethan2 secondsvereneededo ®nd a solutionor to prove thatnoneexists. It
hasto benoticedthattheoriginal objective in theseinstancess to ®nd the “best” solution
undersomecriteria. Thisis of courseout of the scopeof this paper

Table 2 containsthe results. From theseinstancesve canseea signi®cantgain for
AC2001/3.1on AC-3, with up to 9 timeslessconstraintchecksandtwice lesscputime
on SCEN#11.As for the experimentsperformedon randominstancest the phasetran-
sition of arc consisteny, this tendsto show thatthetrick of storingthe Last datastruc-
ture signi®cantlypaysoff. In addition,we seethatin spiteof its simpledatastructures,
AC2001/3.1is fasterthan AC-6 on all instancesxceptthe dif®cult SCEN#11.Therea-
sonwhy AC-6 takesmoretime canbeexplainedasfollows. The maincontributionto the
slow down of AC-6 is the maintenancef the currently supportedist for eachvalue of
eachvariable. Our experimentsshaw that the overheadof maintainingthe list doesnot
usuallycompensatéor the savings, atleastundertheassumptiohatconstraintthecking
is cheap.

4.3 The DOMINO Problem

The last setof experimentsnve madeshows the extremecasewherethe arc consisteng
processcorvergesafter a long propagationthat removesall valuesin all domainsbut
thosebelongingto the uniquesolution. The DOMINO problemis designedo exhibit
this behaviour. What we can expectfrom sucha pathologicalcaseis to shav us the
deeppropertiesof non optimal coarse-grainedyptimal coarse-grainednd ®ne-grained
algorithms.

Theresultsarein Table3. We canseeclearlythe effect of the non-optimalworstcase
compleity of AC-3. Thenumberof constrainthecksandcputime increasadramatically

10



AC-3 AC2001/3.1 AC6

#ccks time #ccks  time time
h1000; 10i 319,964 0.19 155,009 0.13 0.16
h500; 100i 90,845,149 25.70 7,525,099 3.18 2.66

h300; 300i 1,390,485,449 381.25 | 40,545,299 15.40 || 12.16

Table 3: Resultson the DOMINO problemin numberof constraintchecks(#ccks)and
cputimein secondgtime).

AC2001/3.1domainchecks | AC6 list checks
h1000; 10i 53,991 17,999
h600; 100i 2,524,401 88,999
h300; 300i 13,544,401 179,399

Table4: Resultsonthe DOMINO problemin thenumberof domainversudist checks

with the sizeof thedomains.As we alreadysav, AC2001/3.1and AC-6 performexactly
the samenumberof constraintchecks.However, asin the mostdif®cult problemof Sec-
tion 4.2, the ®ne-grainedeatureof AC-6 paysoff with respecto AC2001/3.1especially
whenthedomainsizeincreasesThis canbe explainedby theway AC2001/3.1andAC-6
propagatehe deletionsof values. If we look morecloselyat the operationgperformed
by thesetwo algorithmswhena value(x; ; b) is deleted we notethatthey achiese opti-
mality in two differentways. For each(x;; @) suchthatx; sharesa constraintwith x; ,
AC2001/3.Icheckd ast ((x;; a); x; ) againsthedomainD; to know whether(x;; a) still
hassupport(seeline 1 in Fig. 3). The Last indicateswhereto startthe nen searchfor
support.AC-6 onthe otherhand, maintainsfor each(x; ; b) thelist of the valuesa for x;
with Last((x;;a);x;) = b. Whenbis deletedrom Dj , thanksto thesdists of supported
values,AC-6 directly knows which valuesin D; needto seeka new support,andwhere
to startthenew search.

By countingthe numberof suchoperationghey perform(membershipiestof a Last
in a domainfor AC2001/3.1andlist operationson supportedists for AC-6) we obtain
thefollowing interestingnformation. While they don't performary suchtestsduringthe
initialization phase the numberof teststhey performduring the propagatioras shavn
in Table 4 differs quite signi®cantly As domainsize increasegand thus propagation
becomedonger),the costof AC2001/3.1propagatiorincreasesasterthanthatof AC-6.

5 An Application to Path Consistencyand Non-binary
Constraints

5.1 Path Consistency
Notation. In this subsectionto simplify the presentatiora variablex; is representethy
itsindexi.

Assumethereis a constrainthetweenary pair of variablesin a given constraintnet-
work (N;D;C). If it is not the case,we add a specialconstraintbetweenthe uncon-
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strainedpairsof variables.Thisconstrainallowstheconstrainedariablego take arny val-
ues.Thenetwork is pathconsistentf andonly if for ary ¢ 2 C, ary tuple(a;b) 2 ¢ ,
andary variablek 2 N, thereexistsavaluev 2 Dy suchthatthe valuesa, b, andv
satisfythe constrainteamongvariables, j , andk.

The sameideabehindAC2001/3.1applieshere. Speci®cally in orderto ®nd a new
supportfor each(a;b) 2 c; with respecto avariable,sayk, it is not necessaryo start
from scratcheverytime. We canstartfrom wherewe stoppedefore.Last ((i; a); (j; b); k)
is usedto remembethatpoint.

The path consisteng algorithm, which we have namedPC2001/3.1partially moti-
vatedby the algorithmin [CJ98],is shovn in Fig 5. It includestwo parts: initialization
(INITIALIZE( Q)) andpropagatior{thewhile loopon Q). Duringtheinitialization,a®rst
supportis searchedor eachpair of values((i; a); (j; b)) on eachthird variablek. This
supportis storedin Last((i; a); (j; b); k). Whenatuple (a;b) is removedfrom c; , we
enqueud(i; a);j) and((j; b);i) into Q. Later, when((i; a); k) is poppedfrom Q, RE-
VISE_PATH((i; a); k; Q) (in Fig 6) will checkevery constraintc; wherej 2 N fi; kg
to seeif ary tuplein ¢; is affectedby the modi®cationof g . For eachconstraintc; ,
REVISE PATH triesto ®nd in Dy a supportnot from scratchbut from its supportin the
previousrevision (line 1 andline 2 in Fig 6) for only thosetuplesstartingwith a.

algorithm PC2001/3.1
begin
INITIALIZE( Q)
while Q notemptydo
Selectanddeleteary ((i; a);j) from Q
REVISE.PATH((i; a);]; Q))
endwhile
end
procedure INITIALIZE( Q)
begin
for aryi;j; k2 N do
for arya2 Di;b2 D;j suchthat(a;b) 2 ¢; do
if thereisnov 2 Dy suchthat(a;v) 2 cx " (v;b) 2 c;
then
cj (a;b) falsg gi(b;a) false
Q QI f(ia)y;igl f(;bsig
else
Letv 2 Dg bethe®rstvaluesatisfying
(a;v) 2 cik ™ (v; D) 2
Last(i; a); (j; b);k) v
end

Figure5: Algorithm to enforcepathconsisteng
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procedure REVISEPATH( (i; a); k; Q)
begin
foraryj 2 N;j 6 i;j 6 kdo
for ary b2 D;j suchthat(a;b) 2 ¢; do
1. v Last(i; a); (j; b); k)
2. while (v6 NIL)" ((a;v) Zci _ (v;b) 2 ¢ ) do
v sucdv; Dy)
if v=NIL then
cj (a;b) falsggi(b;a) false
Q Q[ f((ia)sjgl f((i: b;i)g
elseLast(i; a); (j; b);k)) v
endfor
end

Figure6: Revision procedurdor PCalgorithm

For this algorithm,we have thefollowing result.

Theorem4 The time compleity of the algorithm PC2001/3.1is O(n3d®) with space
compleity O(n3d?).

Proof. The compleity of the algorithm PC dependon the procedureREVISE PATH
whosesecondoop is to ®nd a supportfor thetuple ((i; a); (j; b)) with respecto k. The
while loopin line 2 (Fig 6) eithertakesconstantime if the conditionis not satis®edthe
supportstoredin Last is still valid), or skipsvaluesin D i otherwise Forthesecondtase,
no matterhow mary timeswe try to ®nd a supportfor ((i; a); (j; b)), at mostwe skip d
valuessincetotally we have only d valuesin D.

We know thatit is necessaryo ®nd a supportfor ((i; a); (j; b)) with respecto k if
andonly if sometuple (a;Vv) is removedfrom ci . Sowe needto ®nd sucha supportd
times. From®rst paragraphfor thesed timeswe have at mostd constantthecksandd
skipsin total. As aresult,to ®nd a supportfor ((i; a); (j; b)) with respecto k we need2d
steps.Giventhati; j; k canbeary variablefrom N anda; b ary valuefrom D; andD;
respectiely, we have n3d? possible((i; a); (j; b))'sandk's. Hence thetotal time costis
n3d?  2d, thatis O(n3d®).

The main working spaceis for the structureLast ((i; a); (j; b); k). The size of this
structures thenumberof combination®f possiblechoicedor i; j; k; a; b, thatis O(n3d?).
2

The PC2001/3.1hastime compleity of O(n3d®) andspacecompleity of O(n3d?)
which is the sameboundsasthe bestknown resultsobtainedin [Sin96]. The algorithm
in [Sin9§ employs a supportedist for eachvalue of a variableand propagateshe re-
moval of valuesin a fashionof AC-6. Comparedwith the supportedist, the structure
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Last((i; a); (j; b); k) is easierto maintain. This makesthe PC2001/3.lalgorithmboth
simplerto understan@ndto implement.

5.2 Non-binary Constraints

AC2001/3.1canbe extendedto GAC2001/3.1to dealwith non-binaryconstraints.The
de®nition of arc consisteng for non binary constraintsis a direct extensionof the bi-

variablesinvolvedin a constraintc; , by rel(c;) the setof tuplesallowed by ¢;, andby
D#(%) thesetof thetuples in D, Dj, with [x{]1= a(wherei 2 fjy;:3;jq0).

jxi=a
A tuple in D;'Xfr:(g) \ rel(g) is calleda supportfor (xi;a) on¢ . The constraintc
is arc consisteni{alsocalledgenemnlizedarc consistentor GAC) iff for ary variablex;
invar(c ), everyvaluea 2 D; hasasupporton ;. Tuplesin a constraintc; aretotally
orderedwith respectto the lexicographicorderingobtainedby combiningthe ordering
< g4 of eachdomainwith the orderingof the sequencevar(c;) (or with respectto ary
total order usedwhen searchingfor support). Oncethis orderingis de®ned,a call to
REVISE2001/3.0x;; ¢ ) (seeFig. 7) checksfor eacha 2 D; whetherLast((xi;a); G ),
which is the smallestsupportfound previously for (x;; a), still belongsto DV (&) " |f

not, it looks for a new supportfor a on ¢;. If sucha support exists, it is storedas

Last((xi;a); ¢ ), otherwisea is removed from D;. The function sucg ;Dj"x":':(;j ) re-
turnsthesmallestuplein Dj"x"’:':(:j) greatetthan .

procedure REVISE2001/3.1X;; ¢ )
begin
DELETE false
for eacha 2 D; do
Last(xi;a);G)
if 9k= [x;,] 62Dj, then
sucq ;D;'Xfr:(g))
while ( 6 NIL)and(: ¢( ))do
sucg ;Dj"xair:(;’))
if 6 NIL then
Last(xi;a);c)
else
deletea from Dj
DELETE true
return DELETE
end

Figure7: ProcedurdREVISEfor GAC2001/3.1

14



In Fig. 8, we presenta versionof the main algorithmbasedon the oneproposedn
[Mac77h. It is a bruteforce propagatiorschemahatdoesnot take into accounthefact
thatin practicesomeof the constraintsnay have ad hoc propagatorsThusthealgorithm
may have to be adapteddependingon the architectureof the solver in whichiit is used.
Standardechniguesiredescribedn [ILO99, Lab0d.

algorithm GACX
begin
Q f(xi;g)jg 2Cix 2var(g)g
while Q notemptydo
selectanddeleteary pair (x;; ¢;) from Q
if REVISEX (xi; ¢ ) then
Q Q[ f(Xk;m)jctm 2 Cixi;xk 2 var(cm);m 6 j; i 6 kg
end

Figure8: A nonbinaryversionof coarse-grainedrcconsisteng algorithm

Complexity. Theworst-casdime compleity of GAC2001/3.1depend®n the arity of

the constraintanvolvedin the constraintnetwork. The greaterthe numberof variables
involvedin a constraintthe higherthe costto propagatet. Let us®rstlimit our analysis
to the costof enforcingGAC on a singleconstraintg; , of arity r = jvar(c;)j. For each

variablex; 2 var(g ), for eachvaluea 2 D;, we look for supportsn thespacd:)}'x"’:r:((;‘),

which cancontainuptod’ ! tuples.If thecostof constrainicheckg isin O(r) this gives
acostin O(rd" 1) for checkingviability of avalue.Sincewe have to ®nd supportfor rd
values the costof enforcingGAC on ¢ isin O(r2d"). If we enforceGAC onthewhole

constraintnetwork, valuescanbe prunedby otherconstraintsand eachtime a valueis

prunedfrom the domainof a variableinvolvedin ¢; , we have to revisec; . So,c; canbe
revisedup to rd times. Fortunately additionalcallsto REVISE2001/3.1do notincrease
its compleity since,asin the binary case Last((x;;a); ¢;) ensureshatthe searchfor

supportfor (x;i;a) onc will never checktwice the sametuple. Therefore,in a network

involving constraintof arity boundedby r, thetotal time complexity of GAC2001/3.1is

in O(er?d").

6 RelatedWork and Discussion

Many arc consisteng algorithmshave beendesignedsincethe birth of the ®rst suchal-
gorithm. In this sectionwe presenta systematiavay to view thesealgorithmsincluding

2Thecostof aconstraintheckis sometimesonsideredsconstantime while it is naturalto assuméts cost
belinearto its arity.

15



AC-3,AC-4,AC-6, AC-7and AC2001/3.1.We also presentan analysisof the perfor
manceof thesealgorithms,especiallyAC2001/3.1andAC-6.

6.1 A Classi®cationand Comparison of AC algorithms

Arc consisteng algorithmscanbe classi®edy their methodsf propagationSofar, two
approachesareemployedin known ef®cientalgorithms:arc orientedandvalueoriented.
Arc orientedpropagatiororiginatesfrom AC-1 andits underlyingcomputatiormodelis
the constraintgraphwherewe have only variablesandtopologicalrelationshipbetween
variablesderivedfrom constraints.

De nition 3 Theconstraintgraphof a constaint network(N; D; C) is thegraph G =
(V;E)wheeV = N andE=1(i;j)j9; 2 Cag.

Value oriented propagationoriginatesfrom AC-4 and its underlying computation
modelis the value basedconstraintgraphwhere eachconstraintis also represente@s
a (sub)graph For example,the graphin Fig 4 is a valuebasedyraphwherea vertex is a
valueandanedgeis anallowedtuple by the correspondingonstraint.

De nition 4 Thevaluebasedconstrainigraphof a constaint network(N;D;C)is G =
(V;E) wheeV =f(i;a)jx; 2 N;a 2 DigandE = f((i;a);(j; b)) ja 2 Di;b 2
Dj;cj 2 Ci(a;b) 2 ¢j g

Thevaluebasedconstraingraphis alsoknown underthe namesconsistencgraphor
microstructue. A morespeci®cnamefor thetraditionalconstraingraphmaybevariable
basedconstaint graph Thekey ideaof valueorientedpropagatioris thatoncea value
is removedonly the viability of thosevaluesdependingnit will be checled. Thusit is
more®ne-grainedhanarc orientedpropagation.Algorithms working with variableand
valuebasedconstraingraphscanbe classi®edespectrely ascoarse-grainedlgorithms
and®ne-grainedalgorithms.

An immediateobsenationis thatcomparedvith variablebasedconstrainigraph,the
time compleity analysisin valuebasedconstraintgraphis straightforvard. Thatis, the
total numberof operationgluringthe executionof a ®ne-grainedalgorithmwill be of the
sameorderasthe numberof edgesn the valuebasedconstraintgraph: O(ed?). As far
aswe know, Perlin[Per9] is the®rst to make valuebasedconstraingraphexplicit in arc
consisteng enforcingalgorithm.

Givena computatiormodelof propagationthe algorithmsdiffer in theimplementa-
tion details. Undervariablebasedconstraintgraph,AC-3 [Mac774 canbe thoughtof
asan openalgorithm,as suggestedy our notationACX. Its time compleity analysis
in [MF85] canbe regardedasa realizedimplementationwherea very intuitive revision
procedureis employed. The new algorithm AC2001/3.1presentedn this paperusesa
new implementationof the revision procedure Jeadingto the optimal worst casetime
complity. Our new approactsimply remembershe supportobtainedin the previous
revision of anarcwhile in the old one,the choiceis to belazy, forgettingprevious com-
putation. Thereare also someapproacheso improve the spacecompleity of AC-3in
[McG79, CJ93].
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For valuebasedconstraintgraphs AC-4 is the ®rst AC implementatiorand AC-6 is
alazy versionof AC-4. AC-7 exploits the bidirectionalityon the basisof AC-6. Bidirec-
tionality stateghatgivenary ¢; ; ¢, andary a2 Di;b2 Dj, (a;b) 2 ¢; if andonly if
(b;a) 2 gi.

Anotherobsenationis thatthe generalpropertiesor knowledgeof a constraintnet-
work canbeisolatedfrom a speci®carcconsisteng enforcingalgorithm.In facttheidea
of metaknowledg[BFR99] canbe appliedto algorithmsfor eithercomputationrmodel.
For example,to save the numberof constraintchecks,the bidirectionality canbe em-
ployed alsoin coarse-grainea@lgorithm, e.g.,in [Gas78 LBHO03]. Other propagation
heuristicsfWF92] suchas propagatingdeletion®rst [BFR99] are alsoapplicableto the
algorithmsof bothmodels.

We have delineatedhe AC algorithmswhich shavs that AC2001/3.1and AC-6 are
methodologicallydifferent. Fromatechnicalperspectre, thetime compleity analysisof
AC2001/3.1is differentfrom thatof AC-6 wheretheworstcaseime compleity analysis
is straightforward. The point of commonalitybetweenAC2001/3.1andAC-6 is thatthey
facethe sameproblem: the domainmay shrink during the processof arc consisteng
enforcingandthustherecordedsupportmaynot bevalid in the future. This makessome
portionsof theimplementatiorof AC2001/3.1similarto AC-6. We remarkthatthe proof
techniquein the traditionalview of AC-3 doesnot directly leadto AC2001/3.1andits
compleity results.

6.2 Analysisof the Performanceof AC Algorithms

Thetime compleity of AC-3isin O(ed®) while thatof AC-4,AC-6,AC-7andAC2001/3.1
is in O(ec?). As for spacecomplexity, AC-3 usesaslittle as O(e) for its queue,AC-
4 hasa compleity of O(ed?), and AC2001/3.1,AC-6 and AC-7 have O(ed). When
dealingwith non-binaryconstraints GAC3 [Mac774 hasa O(er3d" *!) time complex-
ity, GAC2001/3.1is in O(er?d"), while GAC4 [MM88] andGAC-schemdBR97] arein
O(erd"). GAC4isafactorr betterthanGAC2001/3.lbecaus@& computeshed’ possible
constraintheckson aconstrainobnceandfor all atthebeginning,storingtheinformation
in lists of supportedralues.For GAC-schemathereasoris thatthe useof multidirection-
ality (i.e., bidirectionality for non-binaryconstraints)reventsit from checkinga tuple
oncefor eachvaluecomposingt.

AC-4doesnot performwell in practice]Wal93 BFR99]becausét reathestheworst
casecompleity boththeoreticallyandin actualprobleminstancesvhenconstructinghe
valuebasedconstraintgraphfor theinstance.Otheralgorithmslike AC-3andAC-6 can
take advantageof someinstancesvherethe worst casedoesnt occut In practice,both
arti®cial andreal life problemsrarely make algorithmsbehave in the worst caseexcept
for AC-43

Thenumberof constraintchecksis alsousedto evaluatepracticaltime ef®cieng of
AC algorithms.In theory applyingbidirectionalityto all algorithmswill resultin better
performancesinceit decreasethe numberof constraintchecks.However, if the costof
constraintheckds cheaptheoverheadf usingbidirectionalitymaynotbecompensated
by its savingsasdemonstrateddy [BFR99].

3However, the valuebasedconstrainigraphinducedfrom AC-4 providesa corvenientandaccurateool for
studyingarcconsisteng
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AC-6andAC2001/3.1have the sameworst-casdime andspacecompleities. So,an
interestingquestionhereis “What arethe differencedetweenAC2001/3.1andAC-6 in
termsof constrainichecks?”.

Let us ®rst briey recall the AC-6 behaior [Bes94. AC-6 looks for one support
(the r stoneor smallestonewith respecto the ordering< 4) for eachvalue(x;; a) with
respectto eachconstraintc; to prove thata is currentlyviable. When(x; ; b) is found
asthe smallestsupportfor (x;; &) wrt ¢; , (Xi; a) is addedto S[x; ; b, thelist of values
currently having (x; ; b) astheir smallestsupport. If (x;;b) is removedfrom Dj, it is
addedto the D eletionSet, which is the streamdriving propagationsn AC-6. When
(xj ;) is pickedfrom the D eletionS et, AC-6 looks for the next support,greaterthanb,
in D; for eachvalue(x;;a) in S[x;; b].

To allow a closercomparisonwe will supposen the following thatthe S[x; ; a] lists
usedin AC-6 aresplit with respecto eachconstraintc; involving x;, leadingto a struc-
tureS[x;; a;x; ], asin AC-7.

Property 1 Givena constaint network(N; D; C). If we supposeAC2001/3.1and AC-6
follow thesameorderingof variablesandvalueswhenlookingfor supportsaandpropagat-
ing deletions then,enforcing arc consistencyn the networkwith AC2001/3.1performs
the sameconstaint chedksaswith AC-6.

Proof. Sincethey follow the sameordering,bothalgorithmsperformthe sameconstraint
checksin the initialization phase:they stopsearchfor supportfor a value(x;; a) on ¢
assoonasthe®rstb 2 D, compatiblewith a is found, or whenDj is exhaustedthen
removing a from D;). During the propagationphase both algorithmslook for a nev
supportfor avalue(x;; a) with respecto ¢; only whenavaluebremovedfrom D; was
the currentsupportfor a (i.e.,a 2 S[x;;b;x;] for AC-6,andb = Last((xi;a);X;) for
AC2001/3.1) Both algorithmssearchin D for a new supportfor a immediatelygreater
thanb. Thus,they will ®nd thesamenew supportfor a with respecto g , or will remove
a, atthe sametime, andwith the sameconstraintchecks.And soon. 2

Frompropertyl, we seethatthe differencebetweenAC2001/3.1andAC-6 cannotbe
characterizedby the numberof constraintchecksthey perform. We will thenfocuson
theway they ®nd which valuesshouldlook for a new support.For that,both algorithms
handletheir speci®cdatastructure Let us characterizéhe numberof timeseachof them
checksits own datastructurewhenaset ( x;) of deletionsfrom D; is propagatedavith
respecto agivenconstraint; .

Property 2 Letc; beaconstaintin aconstaintnetwork(N; D; C). Let ( x;) beaset
of valuesremavredfromD; that haveto be propagatedwith respecto ¢; . If,

da = 1 CXi+ o xISB DX
ds = jDij, and
dc = # constrint cheksperformedonc; to propagate ( X;),
then,ds + dc anddg + dc representthe numberof opemationsAC-6 and AC2001/3.1

will respectivelyperformto propagate ( x;) ong; .
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Figure9: The constraintexample

Proof. From property 1 we know that AC-6 and AC2001/3.1perform the samecon-
straint checks. The differenceis in the processleadingto them. AC-6 traversesthe
S[x;; b;xi] list foreachb2 ( x;) (i.e.,da operations)andAC2001/3.1checkswhether
Last((x;; a);x;) belongsto D; for everyain D; (i.e.,dg operations). 2

We illustratethis on the extremecasepresentedn Fig. 9. In thatexample,thethree
valuesof x; areall compatiblewith the ®rstvaluey of x; . In addition,(x;; v1) is com-
patiblewith all thevaluesof x; fromv; to vsg, and(x;; v2) with all thevaluesof x; from
Vs 10 Vigg. Imaginethatfor somereasonthe valuevs hasbeenremovedfrom D; (i.e.,
( xi) = fvzQ). Thisleadstods = 1,dg = 101, anddc = 0, whichis acasein which
propagatingvith AC-6is muchbetterthanwith AC2001/3.1gvenif noneof themneeds
ary constraintcheck. Indeed,AC-6 just checksthat S[x; ; v3; X; ] is empty* and stops.
AC2001/3.ltakesoneby onethe101valuesbof D; to checkthattheir Last ((x;; b); i)
isnotin ( Xx;). Imaginenow thatinsteadof thevaluevs of D; thesearethevaluesv; to
Vigo Of Dj thathavebeerremoved(i.e., ; = fvi;:::;vi000). Now, da = 100,dg = 3,
anddc = 0. Thismeanghat AC2001/3.1will clearly outperformAC-6. Indeed,AC-6
will checkfor all the100valuesbin ( x;) thatS[x; ; b;x;] is empty® while AC2001/3.1
justchecksthatLast ((x;; a); x;) isnotin ( x;) for everyvalue(totally 3) a 2 D;.

Finally, giventhat both variableandvalue basedconstraintgraphscanleadto worst
caseoptimal algorithms,we considertheir strengthon somespecialconstraints:func-
tional, monotonicandanti-functional.For moredetails seefVDT92] and[ZY00]. Coarse
grainedalgorithmscanbe easilyadaptedo processmonotonicandanti-monotoniccon-
straintsin atime compleity of O(ed) (e.g.,usingAC2001/3.1) Finegrainedalgorithms

4Theonly valuecompatiblewith (x;; v3) is (Xj ; Vo), whichis currentlysupportedy (x;; v1).
5Indeed,(xj ; Vo) is the currentsupportfor the threevaluesin D; sinceit is the smallestin Dj andit is
compatiblewith everyvaluein D;.
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(e.g.,AC-4 and AC-6) candeal with functional constraintsef®ciently with complexity
O(ed). We remarkthatthe particulardistanceconstraintdn RLFAP canbe enforcedto
bearcconsistenin O(ed) by usinga coarse-grainedlgorithm. It is dif®cult for coarse-
grainedalgorithmto dealwith functionalconstraintsandtricky for ®negrainedalgorithms
to handlemonotonicconstraintsThatis why AC-5[VDT92] is introduced.In factAC-5
useshothgraphs.

By shaving thatcoarse-grainedlgorithmscanbe madeworstcaseoptimal, this pa-
peropensopportunitiego constructnen ef®cientalgorithmsthroughreexaminingin the
contet of coarse-graine@lgorithmsthosetechniquege.g., bidirectionality and other
heuristicsor metaknowledge)mainly employedin ®ne-grainedalgorithms.

Detailedexperimentsn [Wal93 shav the advantageof AC-3 over AC-4. Our work
complementshis by providing away to make coarse-grainedlgorithmsto beworstcase
optimal.

7 Conclusion

Thispapermpresent?AC2001/3.1acoarse-grainedlgorithmthatimprovesAC-3. AC2001/3.1
usesan additionaldatastructure the Last supportswhich shouldbe maintainedduring
propagation. This datastructurepermitsa signi®cantimprovementon AC-3, and de-
creaseshe worst casetime compleity to the optimal O(ed?). AC2001/3.1is the ®rst
algorithmin the literatureachiezing optimally arc consisteng while being free of ary
lists of supportedvalues. While worst casetime compleity givesus the upperbound
onthetime compleity, in practice the runningtime andnumberof constraintthecksare
the primeconsiderationOur experimentshav thatAC2001/3.Isigni®cantlyreduceshe
numberof constraintchecksandthe runningtime of AC-3 on hardarc consisteng prob-
lems. Furthermorethe runningtime of AC2001/3.1is competitive with the bestknown
algorithms,basedon the benchmarkgrom the experimentsn [BFR99]. Its behaior is
analysedandcomparedo that of AC-6, makinga contribution to the understandingf
the different AC algorithms. The papershovs how the techniqueusedin AC2001/3.1
directly appliesto nonbinary constraints.In addition,this techniquecanalsobe usedto
producea new algorithmfor pathconsisteng. We conjecturefrom the resultsof [CJ9]
thatthis algorithmcangive a practicalimplementatiorfor pathconsistenyg.
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