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Abstract

The useof constraintpropagationis the main featureof any constraintsolver.
It is thusof prime importanceto managethe propagationin an ef�cient andeffec-
tive fashion.Therearetwo classesof propagationalgorithmsfor generalconstraints:
�ne-grainedalgorithmswheretheremoval of avaluefor avariablewill bepropagated
to thecorrespondingvaluesfor othervariables,andcoarse-grainedalgorithmswhere
theremoval of a valuewill bepropagatedto therelatedvariables.Onebig advantage
of coarse-grainedalgorithms,like AC-3, over �ne-grainedalgorithms,like AC-4, is
theeaseof integrationwhenimplementinganalgorithmin a constraintsolver. How-
ever, �ne-grainedalgorithmsusuallyhave optimalworstcasetime complexity while
coarse-grainedalgorithmsdon't. For example,AC-3is analgorithmwith non-optimal
worstcasecomplexity althoughit is simple,ef�cient in practice,andwidely used.In
thispaperwe proposea coarse-grainedalgorithm,AC2001/3.1,thatis worstcaseop-
timal andpreservesasmuchaspossiblethe easeof its integrationinto a solver (no
heavy datastructureto bemaintainedduringsearch).Experimentalresultsshow that
AC2001/3.1is competitive with thebest�ne-grainedalgorithmssuchasAC-6. The
ideabehindthe new algorithmcanimmediatelybe appliedto obtaina pathconsis-
tency algorithmthathasthebest-known timeandspacecomplexity. Thesameideais
thenextendedto non-binaryconstraints.

� Preliminaryversionsof thispaperappearedin [BR01, ZY01].
y During that work, Christian Bessierewas supportedby ILOG undera researchcollaborationcontract

ILOG/CNRS/University of Montpelier II, Yuanlin Zhang by the ScienceFoundationIreland under Grant
00/PI.1/C075,andRolandYap andYuanlin Zhangby the AcademicResearchFund,NationalUniv. of Sin-
gapore.
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1 Intr oduction

Constraintpropagationis a basicoperationin constraintprogramming.It is now well-
recognizedthat its extensive useis necessarywhen we want to ef®ciently solve hard
constraintsatisfaction problems. All the constraintsolvers usepropagationas a basic
step. Thus,eachimprovementto a constraintpropagationalgorithmhasan immediate
effectontheperformanceof theconstraintsolvingengine.In practicalapplications,many
constraintsareof well-known typesfor which speci®calgorithmsareavailable. These
algorithmsgenerallyreceive a setof removedvaluesfor oneof thevariablesinvolvedin
theconstraint,andpropagatethesedeletionsto theothervariablesof theconstraint.They
areusuallyascheapasonecanexpectin cputime. This stateof thingsimpliesthatmost
of the existing solving enginesare basedon a constraint-orientedpropagationscheme
(ILOG Solver, CHOCO,etc.). We call thealgorithmsusingthis schemecoarse-grained
algorithms.AC-3 [Mac77a, McG79] is agenericconstraintpropagationalgorithmwhich
®ts thebestthispropagationscheme.Its successors,AC-4,AC-6,andAC-7, indeed,were
writtenwith avalue-orientedpropagationwherethedeletionof avaluein thedomainof a
variablewill bepropagatedonly to theaffectedvaluesin thedomainsof othervariables.
Algorithms usingthis propagationarecalled�ne-grainedalgorithmshere. The coarse-
grainedcharacteristicsof AC-3 explain why it is the algorithm which is usually used
to propagatethoseconstraintsfor which nothingspecialis known aboutthe semantics
(andthenfor which no speci®calgorithmis available). Whencomparedto AC-4, AC-6
or AC-7, this algorithmhasa secondstrongadvantage,namely, its independencewith
respectto speci®cdatastructurewhich shouldbe maintainedif usedduring a search
procedure.Thus, it haseaseof implementation.Fine-grainedalgorithms,on the other
hand,have morecomplex implementationwith possiblyhigheroverheadsasthereis a
needto maintainsomecomplex datastructures.

Unfortunately, theworstcasetimecomplexity of AC-3is O(ed3), wheree is thenum-
berof constraintsandd is thesizeof themaximumdomainin a problem. Finegrained
algorithmson theotherhandenjoy optimalworstcasecomplexity O(ed2) [MH86]. The
®ne-grainedalgorithmsare also more ef®cient when appliedto networks wheremuch
propagationoccurs[BFR95,BFR99]while AC-3 is betterwhenthereis very little prop-
agation.

In this paper, we presenta new algorithm,AC2001/3.1,which is the®rst worstcase
optimal coarse-grainedarc consistency algorithm. This result is somewhat surprising
sincedueto thenon-optimalityresultof AC-3 [MF85] from 1985,it is widely held that
only ®ne-grainedalgorithmshave worst caseoptimality. AC2001/3.1preservesthesim-
plicity of AC-3while improving onAC-3 in ef®ciency bothin termsof constraintchecks
andin termsof cputime. In our experiments,AC2001/3.1leadsto substantialgainsover
AC-3 bothon randomlygeneratedandreal-world instancesof problemsandcomparable
to AC-6,thefastest®ne-grainedalgorithm.

Theideabehindthenew algorithmcanbeappliedimmediatelyto obtainanew simple
pathconsistency algorithm,PC2001/3.1,which hasthesametime andspacecomplexity
as the bestknown theoreticalresults. We show how to usethe sameidea for arc con-
sistency on non-binaryconstraintswith a new algorithm,GAC2001/3.1.We alsogive a
detailedcomparisonof coarse-grainedand®ne-grainedalgorithms.

Thepaperis organizedasfollows. Thepreliminariesaregivenin section2 beforethe
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presentationof AC2001/3.1andits complexity analysisin section3. Section5 extends
theideato pathconsistency andandgeneralisedarcconsistency. Experimentalresultsto
benchmarkingtheperformanceof thenew algorithmwith respectto AC-3 andAC-6 are
shown in section4. We compareandcontrastmostpropagationalgorithmsin section6
beforeconcludingin section7.

2 Preliminaries

In this sectionwegivesomebackgroundmaterialandnotationsusedherein.

De�nition 1 A �nite binary constraintnetwork (N ; D ; C) consistsof a �nite setof vari-
ablesN = f x1; x2; � � � ; xn g, a setof domainsD = f D 1; D2; � � � ; Dn g, where thedo-
main D i (i 2 1::n) is a �nite setof valuesthat variable x i can take, and a setof con-
straints C = f c1; � � � ; ceg, where each constraint ck (k 2 1::e) is a binary relation on
two variables. A constraint on x i andx j is usuallydenotedby cij . (a; b) 2 cij means
that theconstraint cij holdswhenx i = a andx j = b. For theproblemof interesthere,
werequire that 8a; b a 2 D i ; b 2 D j ; (a; b) 2 cij if andonly if (b;a) 2 cj i . Verifying
whethera tuple(a; b) where a 2 D i andb 2 D j is in cij is calleda constraintcheck. A
solutionof a constraint networkis anassignmentof a valueto each variablesuch thatall
constraintsin thenetworkaresatis�ed.

For simplicity, in theabove de®nitionwe consideronly binary constraints,omitting
the unaryconstrainton any variable[Mac77a]. Without lossof generalitywe assume
thereis only oneconstraintbetweeneachpair of variables.

Throughoutthis paper, n denotesthe numberof variables,d the sizeof the largest
domain,ande thenumberof constraintsin a constraintnetwork. (x i ; a) denotesa value
a 2 D i .

De�nition 2 Givena constraint network(N ; D ; C), thesupportof a valuea 2 D i under
cij is a valueb 2 D j such that (a; b) 2 cij . Thevaluea is viablewith respectto cij if
it hasa supportin D j . A constraint cij is consistentfrom x i to x j , that is alongthearc
(x i ; x j ), if andonly if everya 2 D i hasa supportin D j . A constraint cij is arcconsistent
if andonly if it is consistentalongbotharcs(x i ; x j ) and(x j ; x i ). A constraint networkis
arcconsistentif andonly if everyconstraint in thenetworkis arc consistent.

Fromthede®nition,we know thata constraintnetwork is arcconsistentif andonly if
everyvalueis viablewith respectto everyconstrainton its variable.

Beforepresentingandanalyzingthenew algorithm,let usbrie�y recall theAC-3 al-
gorithmwhichis givenin Fig.1 asACX . Thepresentationfollows[Mac77a, MF85] with
a slight changein notation,andnodeconsistency removed. The nameof the algorithm
ACX is parameterizedby X . For AC-3, theX is “-3” andthustheprocedureREVISEX
is “REVISE-3”. For the new algorithm,AC2001/3.1,the X is “2001/3.1” andthusthe
procedureREVISEX is “REVISE2001/3.1”.

To enforcearcconsistency in a constraintnetwork, a key taskof AC-3 is to checkthe
viability of a valuewith respectto any relatedconstraint.REVISE-3(x i ; x j ) in Fig 2 is
to remove thosevaluesin D i without any supportin D j undercij . If any valuein D i

is removedwhenrevising (x i ; x j ), all binaryconstraints(or arcs)pointing to x i , except
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algorithm ACX
begin

1. Q  f (x i ; x j ) j cij 2 C or cj i 2 C; i 6= j g
while Q notemptydo

selectanddeleteany arc(x i ; x j ) from Q
2. if REVISEX (x i ; x j ) then
3. Q  Q [ f (xk ; x i ) j ck i 2 C; k 6= j g

end

Figure1: A schemafor coarse-grainedarcconsistency algorithms

procedureREVISE-3(x i ; x j )
begin

DELETE false
for eacha 2 D i do

1. if thereis nob 2 D j suchthatcij (a; b) then
deletea from D i

DELETE true
return DELETE

end

Figure2: ProcedureREVISEfor AC-3

cj i , will berevised(line 2 and3 in Fig 1). A queueQ is usedto hold thesearcsfor later
processing.It canbeshown thatthis algorithmis correct.

Proposition1 ([Mac77a]) ApplyingalgorithmAC-3to a constraint networkmakesit arc
consistent.

Thetraditionalderivationof thecomplexity of AC-3is givenby thefollowing theorem
whoseproof from [MF85] is modi®edin orderto facilitatethepresentationin Section3.

Theorem1 ([MF85]) Givena constraint network(N ; D ; C), thetimecomplexity of AC-
3 is O(ed3).

Proof. Eacharc(x i ; x j ) is revisedif andonly if it entersQ. Theobservationis thatarc
(x i ; x j ) entersQ if andonly if somevalueof D j is deleted(line 2–3 in Fig 1). So,arc
(x i ; x j ) entersQ at mostd timesandthusis revisedd times. Given that the numberof
arcsis 2e, REVISE(x i ; x j ) is executedO(ed) times.Thecomplexity of REVISE(x i ; x j )
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in Fig 2 is at mostd2. Hence,theresultfollows. 2

Thereaderis referredto [Mac77a, MF85] for moredetailsandmotivationsconcerning
arcconsistency.

Remark. In implementingthequeue,to reducethenumberof queueoperations,one
way is simply enqueuethe variablewhosedomainhasshrunk,insteadof enqueueall
relevantarcs.Whenwe dequeuea variablefrom thequeue,we just reviseall constraints
pointing to this variable. The methodis alsocalledvariableorientedpropagation.This
ideaappearedin [McG79] and in [CJ98]. In this method,for eachvariable,onemore
constraintis revised than in the original algorithm AC-3. However, it seemsthat the
savingsfrom enqueueoperationswell compensatesthis costin ourexperiments.

3 The NewAlgorithm

Theworstcasetime complexity of AC-3 is basedon a naive implementationof line 1 in
Fig. 2 in which b is alwayssearchedfrom scratch.However, from theanalysiswe know
a constraint(x i ; x j ) mayberevisedmany times. Thekey ideato improve theef®ciency
of thealgorithmis thatwe needto ®nd from scratcha supportfor a valuea 2 Di only in
the�r st revisionof thearc(x i ; x j ), andstorethesupportin a structureLast ((x i ; a); x j ).
Whencheckingtheviability of a 2 D i in thesubsequentrevisionsof thearc(x i ; x j ), we
only needto checkwhetherits storedsupportLast ((x i ; a); x j ) is still in thedomainD j .
If it wasremoved (becauseof the revision of otherconstraints),we would just have to
explorethevaluesin D j thatare“after” thesupportsinceits “predecessors”havealready
beencheckedbefore.

Assumewithout loss of generalitythat eachdomainD i is associatedwith a total
ordering< d. Thefunctionsucc(a; D j ), whereD j denotesthecurrentdomainof x j during
theprocedureof arcconsistency enforcing,returnsthe®rst valuein Dj that is aftera in
accordancewith < d, or N I L , if nosuchanelementexists.Wede®neN I L asavaluenot
belongingto any domainbut precedingany valuein any domain.

As a simpleexample,let the constraintcij be x i = x j , with D i = D j = [1::11].
The removal of value11 from D j (say, after the revision of somearc leaving x j ) leads
to a revision of (x i ; x j ). REVISE-3will look for a supportfor every valuein D i , for a
total costof 1 + 2 + : : : + 9 + 10 + 10 = 65 constraintchecks,whereasonly (x i ; 11)
had lost support. The new revision proceduremakes sure that for eacha 2 [1::10],
Last ((x i ; a); x j ) still belongsto D j , and®ndsthatLast ((xi ; 11); x j ) hasbeenremoved.
Looking for a new supportfor 11 doesnot needany constraintchecksinceD j doesnot
containany valuegreaterthanLast ((x i ; 11); x j ), which wasequalto 11. It saves65
constraintcheckscomparedto AC-3.

The new algorithm, AC2001/3.1,is the main algorithm ACX augmentedwith the
initializationof Last ((x i ; a); x j ) to beN I L for any constraintcij andany valuea 2 D i .
The correspondingrevision procedure,REVISE2001/3.1is given in Fig. 3. In Fig. 3,
line 1 checksif the supportin Last is still valid andotherwiseline 2 makesuseof the
domainorderingto ®nd the®rst supportafter theold one.We now show thecorrectness
of AC2001/3.1.
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procedureREVISE2001/3.1(x i ; x j )
begin

DELETE false
for eacha 2 D i do

b  Last((x i ; a); x j )
1. if b =2 D j then

b  succ(b;D j )
2. while (b 6= N I L ) and (: cij (a; b)) do

b  succ(b;D j )
if b 6= N I L then

Last((x i ; a); x j )  b
else

deletea from D i

DELETE true
return DELETE

end

Figure3: ProcedureREVISEfor AC2001/3.1

Theorem2 ApplyingalgorithmAC2001/3.1to a constraint networkmakesit arc consis-
tent.

Proof. AC-3 and AC2001/3.1have exactly the sameinitialization phaseexcept that
AC2001/3.1storesLast ((x i ; a); x j ), thesupportfoundfor eacha on eachcij . It is suf-
®cient to show thatREVISE-3(xi ; x j ) andREVISE2001/3.1(x i ; x j ) areequivalentgiven
that D i andD j arethe samewheneitherprocedureis called. In otherwords,a values
is deletedby REVISE-3iff it is deletedby REVISE2001/3.1.Obviously thereturnvalue
would alsobe thesamefor bothprocedures.Without lossof generality, we canassume
thatREVISE-3visits thesamevaluesastheorderingusedin < d.

Supposeavaluea is deletedby REVISE-3.Line 1 in REVISE-3tellsusthata hasno
support.Consequently, line 1 in REVISE2001/3.1is alsotrueandthewhile loop in line
2 will not®nd any support.Hencea will bedeleted.

Now considerREVISE2001/3.1deletinga valuea. Let b be the previous support,
Last((x i ; a); x j ). Sinceline 1 will be true, b is not a supportfor a. The while loop at
line 2 alsodoesn't ®nd for a any supportafterb. Now supposethereis a supportb0 such
that b0 < d b. It mustalsobe a supportfor a in all the previousdomainsof x j . Hence,
Last((x i ; a); x j ) � d b0, whichcontradictsb = Last((x i ; a); x j ). Thus,a hasnosupportin
D j andwill alsobedeletedby REVISE-3.

Proposition1 implies thatAC2001/3.1achievesarc consistency on a constraintnet-
work. 2

Next, we show thatAC2001/3.1hasoptimalworstcasetimecomplexity.
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Theorem3 Theworst casetime complexity of AC2001/3.1is O(ed2) with spacecom-
plexity O(ed).

Proof. Here it is helpful to regard the executionof AC2001/3.1on an instanceof a
constraintnetwork asa sequenceof callsto REVISE2001/3.1(x i ; x j ).

Considerthetotal timespentonanarc(x i ; x j ). Fromtheproof in Theorem1, thearc
(x i ; x j ) will berevisedat mostd times.

In the l th (1 � l � d) revision of (x i ; x j ), let t l be the time for searchinga support
for a valuea 2 D i . t l canbe consideredas1 if Last ((x i ; a); x j ) 2 D j (seeline 1 in
Fig. 3) andotherwiseit is sl which is simply thenumberof elementsin D j checkedafter
Last ((x i ; a); x j ) andbeforethenext supportis found(thewhile loop in line 2). So,the
total timeof thealgorithmspentona 2 D i with respectto (x i ; x j ) is

dX

1

t l �
dX

1

1 +
dX

1

sl

wheresl = 0 if t l = 1. Observe thatREVISE2001/3.1(x i ; x j ) checksanelementin D j

at mostoncewhenlooking for a supportfor a 2 D i . Therefore,
P d

1 sl � d which results
in

P d
1 t l � 2d.

To revise(x i ; x j ), we needto ®nd a supportfor eachvalueof Di . For thereareup to
d valuesin D i , at mostO(d2) time will bespenton revising thearc(x i ; x j ).

Hence,thecomplexity of AC2001/3.1is O(ed2) sincethenumberof arcsin thecon-
straintnetwork is 2e (oneconstraintis regardedastwo arcs).

Thespacecomplexity of AC2001/3.1is boundedaboveby thesizeof Q, andthestruc-
tureLast . Q canbeof complexity in O(n) or O(e), dependingonthetheimplementation
of thequeue.Thesizeof Last is in O(ed) sinceeachvaluea 2 D i needsaspacein Last
with respectto eachconstraintinvolving x i . ThisgivesaO(ed) overallspacecomplexity.
2

4 Experimental Results:AC2001/3.1versusAC-3 andAC-6

WepresentedAC2001/3.1,are®nementof AC-3with optimalworstcasetimecomplexity.
It remainsto seewhetherit is effective in saving constraintchecksand/orcputime when
comparedto AC-3. As we saidpreviously, thegoal is not to competewith AC-6/AC-7,
which have very subtledatastructurefor the propagationphase.However, we will see
in theexperimentalresultsthatAC2001/3.1is oftencompetitive with these®ne-grained
algorithms.

Therehave beenmany experimentalstudieson theperformanceof generalarc con-
sistency algorithms[Wal93,Bes94, BFR99]. Here,we take problemsusedin [BFR99],
namelysomerandomCSPsandRadioLink Frequency AssignmentProblems(RLFAPs).
Giventheexperimentalresultsof [BFR99],AC-6 is chosenasa representativeof a state-
of-the-artalgorithmbecauseof its goodruntimeperformanceover theproblemsof con-
cern.In addition,a new arti®cial problem,DOMINO, in thesameveinastheproblemin
Fig. 5 in [DP88], is designedto studytheworstcaseperformanceof AC-3.
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Figure4: Thedominoproblem

Randomly generatedproblems. For the randominstances,we useda model B
generator[Pro96]. The parametersare hN; D ; C; T i , whereN is the numberof vari-
ables,D the sizeof the domains,C the numberof constraints(the densityp1 is equal
to 2C=N � (N � 1)), andT thenumberof forbiddentuplesperconstraint(the tightness
p2 is equalto T=D2). We usedthegeneratoravailablein [FBDR96]. For eachclassof
problemstested,we ranthe®rst 50 instancesgeneratedusingtheinitial seed1964(asin
[BFR99]).

RLFAP. Theradiolink frequency assignmentproblem(RLFAP) is to assignfrequen-
ciesto communicationlinks to avoid interference[CdGL+ 99]. We usethe CELAR in-
stancesof RLFAP which arereal-life problemsavailable in the FullRLFAP archive1 at
ftp://ftp.cs.unh.edu/pub/csp/archive/cod e/benc hmarks .

DOMINO. Informally theDOMINO problemis anundirectedconstraintgraphwith n
variablesandacycleof constraints.Thedomainof any variablex i is D i = f 1; 2; : : : ; dg.
TheconstraintsareC = f ci ( i +1) j8i 2 1::n � 1g[ f c1n g wherec1n = f (d;d)g[ f (v; v +
1) j v < dg is calledthe trigger constraint andthe otherconstraintsin C areidentity
relations.(Seethevaluebasedconstraintgraphin Fig. 4.) A DOMINO instanceis thus
fully characterizedby thepair of parametershn; di . Thetriggerconstraintwill makeone
valueinvalid duringarcconsistency andthatvaluewill trigger thedominoeffect on the
valuesof all domainsuntil eachdomainhasonly onevalued left. So,eachrevision of
anarcin coarse-grainedalgorithmsremovesonevaluewhile ®ne-grainedalgorithmsonly
do thenecessarywork.

Somedetailsof our implementationof AC2001/3.1andAC-3:0 areasfollows. We
implementeddomainsandrelatedoperationsby double-linked lists. The Q in AC-3 is
implementedas a queuewith a FIFO policy. For AC-6, we notedthat using a single
currentlysupportedlist pervalueis fasterthanusingmultiple lists with respectto related
constraintsasneededfor AC-7. This maybeonereasonwhy AC-7 is slower thanAC-6
in [BFR99]. Our implementationof AC-6 adoptsa singlecurrentlysupportedlist. The
codeis written in C++ with g++ . Theexperimentsarerun on a PCPentiumII 300MHz
processorwith Linux. Theperformanceof arcconsistency algorithmshereis measured
alongtwo dimensions:runningtimeandnumberof constraintchecks(#ccks).

1WethanktheCentred'Electroniquedel'Armement (France).
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AC-3 AC2001/3.1 AC-6( � )

#ccks time #ccks time time
P 1 (under-constrained) 100,010 0.04 100,010 0.05 0.07
P 2 (over-constrained) 507,783 0.18 487,029 0.16 0.10
P 3 (phasetransitionof AC) 2,860,542 1.06 688,606 0.34 0.32
P 4 (phasetransitionof AC) 4,925,403 1.78 1,147,084 0.61 0.66
SCEN#08(arcinconsistent) 4,084,987 1.67 2,721,100 1.25 0.51

Table1: Arc consistency resultsin meannumberof constraintchecks(#ccks)andmean
cpu time in seconds(time). (*) Thenumberof constraintchecksperformedby AC-6 is
similar to thatof AC2001/3.1,asdiscussedin Section6.

4.1 Ar c Consistencyasa PreprocessingStep

The®rst setof experimentsshows theef®ciency of AC2001/3.1whenarcconsistency is
usedfor preprocessing(without search).In this case,thechanceto have somepropaga-
tions is small on real instances.As such,we alsochooseproblemsfalling in the phase
transitionof arcconsistency (see[GMP+ 97]). To seethedifferentbehaviours,wepresent
resultsfor randomlygeneratedinstanceswith differentcharacteristics(thosepresentedin
[BFR99])andona RLFAP instancewhereenforcingarcconsistency wasnot trivial:

� P1= h150; 50; 500; 1250i , under-constrainedCSPs,whereall generatedinstances
arealreadyarcconsistent;

� P2=h150; 50; 500; 2350i ,over-constrainedCSPs,whereall generatedinstancesare
arc inconsistent, which meansthat theinstancesarenot satis®ableandthis canbe
detectedby enforcingarcconsistency;

� P3=h150; 50; 500; 2296i andP4=h50; 50; 1225; 2188i , problemsin thephasetran-
sitionof arcconsistency;

� theRLFAP instanceSCEN#08,which is arcinconsistent.

Table1 presentsthe results. For the randomlygeneratedinstances,the numberof
constraintcheck(#ccks)andtime areaveragedover the50 instancesin eachclass.The
under-constrained(P1)andover-constrained(P2)problems.representcaseswherethere
is little or nopropagationneededto reachthearcconsistentor arcinconsistentstate.This
is the bestcasefor AC-3. The AC2001/3.1algorithmstill givescomparableruntimes,
which indicatesthat theoverheadincurredby AC2001/3.1is not signi®cantsincein P1
therearenosavingsin constraintchecksandP2only savesabout4%of thechecks.

TheP3instancesaresparseproblems(with a densityof 4.5%)at thephasetransition
of arc consistency. The P4 instancesaredenseproblems(with a completegraph)also
at thephasetransitionof arcconsistency. Usuallymuchpropagationis neededon these
problemsto makethenetwork arcconsistent.Weseethatheretheruntimeof AC2001/3.1
is signi®cantlyfasterthanAC-3dueto largesavingsin thenumberof constraintchecks.

The ®nal experimentreportsthe resultsfor a real-life problem,SCEN#08. Here,
AC2001/3.1alsosavesa signi®cantamountof constraintchecksandis alsofaster.
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MAC-3 MAC2001/3.1 MAC6
#ccks time #ccks time time

SCEN#01 5,026,208 2.33 1,983,332 1.62 2.05
SCEN#11 77,885,671 39.50 9,369,298 21.96 14.69
GRAPH#09 6,269,218 2.95 2,127,598 1.99 2.41
GRAPH#10 6,790,702 3.04 2,430,109 1.85 2.17
GRAPH#14 5,503,326 2.53 1,840,886 1.66 1.90

Table 2: Resultsfor searchof the ®rst solution with a MAC algorithm in numberof
constraintchecks(#ccks)andcputime in seconds(time).

In orderto compareAC2001/3.1to AC-6, it is necessaryto ®rst understandthatthey
performthesamenumberof constraintchecks(seeSection6). Heretheruntimesshow
that for mostof theproblemsAC2001/3.1andAC-6 arecomparableandwe will return
againto thiscomparisonwith theDOMINO problem.

4.2 Maintaining Ar c Consistencyduring Search

Thesecondsetof experimentswepresentin thissectionshowsthebehaviourof AC2001/3.1
whenarcconsistency is maintainedduringsearch(MACalgorithm[SF94]) to ®ndthe®rst
solution.We presentresultsfor all theinstancescontainedin theFullRLFAP archive for
which morethan2 secondswereneededto ®nd a solutionor to provethatnoneexists. It
hasto benoticedthattheoriginalobjectivein theseinstancesis to ®nd the“best” solution
undersomecriteria.This is of courseoutof thescopeof this paper.

Table2 containsthe results. From theseinstanceswe canseea signi®cantgain for
AC2001/3.1on AC-3, with up to 9 timeslessconstraintchecksandtwice lesscpu time
on SCEN#11.As for theexperimentsperformedon randominstancesat thephasetran-
sition of arcconsistency, this tendsto show that the trick of storingtheLast datastruc-
turesigni®cantlypaysoff. In addition,we seethat in spiteof its simpledatastructures,
AC2001/3.1is fasterthanAC-6 on all instancesexceptthedif®cult SCEN#11.Therea-
sonwhy AC-6 takesmoretimecanbeexplainedasfollows. Themaincontribution to the
slow down of AC-6 is the maintenanceof the currentlysupportedlist for eachvalueof
eachvariable. Our experimentsshow that theoverheadof maintainingthe list doesnot
usuallycompensatefor thesavings,at leastundertheassumptionthatconstraintchecking
is cheap.

4.3 The DOMINO Problem

The last setof experimentswe madeshows theextremecasewherethearc consistency
processconvergesafter a long propagationthat removesall valuesin all domainsbut
thosebelongingto the uniquesolution. The DOMINO problemis designedto exhibit
this behaviour. What we can expect from sucha pathologicalcaseis to show us the
deeppropertiesof non optimal coarse-grained,optimal coarse-grainedand®ne-grained
algorithms.

Theresultsarein Table3. We canseeclearlytheeffectof thenon-optimalworstcase
complexity of AC-3. Thenumberof constraintchecksandcputimeincreasedramatically
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AC-3 AC2001/3.1 AC6
#ccks time #ccks time time

h1000; 10i 319,964 0.19 155,009 0.13 0.16
h500; 100i 90,845,149 25.70 7,525,099 3.18 2.66
h300; 300i 1,390,485,449 381.25 40,545,299 15.40 12.16

Table3: Resultson the DOMINO problemin numberof constraintchecks(#ccks)and
cputime in seconds(time).

AC2001/3.1domainchecks AC6 list checks
h1000; 10i 53,991 17,999
h500; 100i 2,524,401 88,999
h300; 300i 13,544,401 179,399

Table4: Resultson theDOMINO problemin thenumberof domainversuslist checks

with thesizeof thedomains.As we alreadysaw, AC2001/3.1andAC-6 performexactly
thesamenumberof constraintchecks.However, asin themostdif®cult problemof Sec-
tion 4.2,the®ne-grainedfeatureof AC-6paysoff with respectto AC2001/3.1especially
whenthedomainsizeincreases.Thiscanbeexplainedby thewayAC2001/3.1andAC-6
propagatethe deletionsof values. If we look morecloselyat the operationsperformed
by thesetwo algorithmswhena value(x j ; b) is deleted,we notethat they achieve opti-
mality in two differentways. For each(x i ; a) suchthat x i sharesa constraintwith x j ,
AC2001/3.1checksLast ((x i ; a); x j ) againstthedomainD j to know whether(x i ; a) still
hassupport(seeline 1 in Fig. 3). The Last indicateswhereto startthenew searchfor
support.AC-6 on theotherhand,maintainsfor each(x j ; b) thelist of thevaluesa for x i

with Last ((x i ; a); x j ) = b. Whenbis deletedfrom D j , thanksto theselistsof supported
values,AC-6 directly knows which valuesin D i needto seeka new support,andwhere
to startthenew search.

By countingthenumberof suchoperationsthey perform(membershiptestof a Last
in a domainfor AC2001/3.1andlist operationson supportedlists for AC-6) we obtain
thefollowing interestinginformation.While they don't performany suchtestsduringthe
initialization phase,the numberof teststhey performduring the propagationasshown
in Table 4 differs quite signi®cantly. As domainsize increases(and thus propagation
becomeslonger),thecostof AC2001/3.1propagationincreasesfasterthanthatof AC-6.

5 An Application to Path Consistencyand Non-binary
Constraints

5.1 Path Consistency

Notation. In this subsection,to simplify thepresentationa variablex i is representedby
its index i .

Assumethereis a constraintbetweenany pair of variablesin a givenconstraintnet-
work (N ; D ; C). If it is not the case,we adda specialconstraintbetweenthe uncon-
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strainedpairsof variables.Thisconstraintallowstheconstrainedvariablesto takeany val-
ues.Thenetwork is pathconsistentif andonly if for any cij 2 C, any tuple(a; b) 2 cij ,
andany variablek 2 N , thereexists a valuev 2 D k suchthat the valuesa, b, andv
satisfytheconstraintsamongvariablesi , j , andk.

ThesameideabehindAC2001/3.1applieshere. Speci®cally, in orderto ®nd a new
supportfor each(a; b) 2 cij with respectto a variable,sayk, it is not necessaryto start
fromscratcheverytime. Wecanstartfromwherewestoppedbefore.Last (( i; a); (j; b); k)
is usedto rememberthatpoint.

The pathconsistency algorithm,which we have namedPC2001/3.1,partially moti-
vatedby thealgorithmin [CJ98], is shown in Fig 5. It includestwo parts: initialization
(INITIALIZE( Q)) andpropagation(thewhile looponQ). Duringtheinitialization,a®rst
supportis searchedfor eachpair of values(( i; a); (j; b)) on eachthird variablek. This
supportis storedin Last (( i; a); (j; b); k). Whena tuple (a; b) is removedfrom cij , we
enqueue(( i; a); j ) and(( j; b); i ) into Q. Later, when(( i; a); k) is poppedfrom Q, RE-
VISE PATH((i; a); k; Q) (in Fig 6) will checkeveryconstraintcij wherej 2 N � f i; kg
to seeif any tuple in cij is affectedby the modi®cationof cik . For eachconstraintcij ,
REVISE PATH triesto ®nd in Dk a supportnot from scratchbut from its supportin the
previousrevision (line 1 andline 2 in Fig 6) for only thosetuplesstartingwith a.

algorithm PC2001/3.1
begin

INITIALIZE( Q)
while Q notemptydo

Selectanddeleteany (( i; a); j ) from Q
REVISE PATH((i; a); j; Q))

endwhile
end

procedure INITIALIZE( Q)
begin

for any i; j; k 2 N do
for any a 2 D i ; b 2 D j suchthat(a; b) 2 cij do

if thereis nov 2 D k suchthat(a; v) 2 cik ^ (v; b) 2 ck j

then
cij (a; b)  false; cj i (b;a)  false
Q  Q [ f (i; a); j g [ f (j; b); i g

else
Let v 2 D k bethe®rst valuesatisfying

(a; v) 2 cik ^ (v; b) 2 ck j

Last((i; a); (j; b); k)  v
end

Figure5: Algorithm to enforcepathconsistency
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procedure REVISE PATH( (i; a); k; Q)
begin

for any j 2 N ; j 6= i; j 6= k do
for any b 2 D j suchthat(a; b) 2 cij do

1. v  Last((i; a); (j; b); k)
2. while (v 6= N I L ) ^ ((a; v) =2 cik _ (v; b) =2 ck j ) do

v  succ(v; D k )
if v = N I L then

cij (a; b)  false; cj i (b;a)  false
Q  Q [ f (( i; a); j g [ f (( j; b); i )g

elseLast((i; a); (j; b); k))  v
endfor

end

Figure6: Revisionprocedurefor PCalgorithm

For thisalgorithm,wehave thefollowing result.

Theorem4 The time complexity of the algorithm PC2001/3.1is O(n3d3) with space
complexity O(n3d2).

Proof. The complexity of the algorithmPC dependson the procedureREVISE PATH
whosesecondloop is to ®nd a supportfor thetuple(( i; a); (j; b)) with respectto k. The
while loop in line 2 (Fig 6) eithertakesconstanttime if theconditionis not satis®ed(the
supportstoredin Last is still valid),or skipsvaluesin D k otherwise.For thesecondcase,
no matterhow many timeswe try to ®nd a supportfor (( i; a); (j; b)) , at mostwe skip d
valuessincetotally we haveonly d valuesin D k .

We know that it is necessaryto ®nd a supportfor (( i; a); (j; b)) with respectto k if
andonly if sometuple (a; v) is removedfrom cik . Sowe needto ®nd sucha supportd
times. From®rst paragraph,for thesed timeswe have at mostd constantchecksandd
skipsin total. As a result,to ®nd asupportfor (( i; a); (j; b)) with respectto k weneed2d
steps.Giventhat i; j; k canbeany variablefrom N anda; b any valuefrom D i andD j

respectively, we have n3d2 possible(( i; a); (j; b)) 's andk's. Hence,thetotal time costis
n3d2 � 2d, thatis O(n3d3).

The main working spaceis for the structureLast (( i; a); (j; b); k). The sizeof this
structureis thenumberof combinationsof possiblechoicesfor i; j; k; a; b, thatisO(n3d2).
2

ThePC2001/3.1hastime complexity of O(n3d3) andspacecomplexity of O(n3d2)
which is thesameboundsasthebestknown resultsobtainedin [Sin96]. Thealgorithm
in [Sin96] employs a supportedlist for eachvalueof a variableandpropagatesthe re-
moval of valuesin a fashionof AC-6. Comparedwith the supportedlist, the structure
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Last (( i; a); (j; b); k) is easierto maintain. This makesthe PC2001/3.1algorithmboth
simplerto understandandto implement.

5.2 Non-binary Constraints

AC2001/3.1canbe extendedto GAC2001/3.1to dealwith non-binaryconstraints.The
de®nition of arc consistency for non binary constraintsis a direct extensionof the bi-
naryone[Mac77b, MH86]. Let usdenoteby var(cj ) = (x j 1 ; : : : ; x j q ) thesequenceof
variablesinvolved in a constraintcj , by rel(cj ) the setof tuplesallowed by cj , andby

D var (cj )
j x i = a thesetof thetuples� in D j 1 � � � � � D j q with � [x i ] = a (wherei 2 f j 1; ::; j qg).

A tuple � in D var (cj )
j x i = a \ r el(cj ) is calleda supportfor (x i ; a) on cj . The constraintcj

is arc consistent(alsocalledgeneralizedarc consistent, or GAC) if f for any variablex i

in var(cj ), every valuea 2 D i hasa supporton cj . Tuplesin a constraintcj aretotally
orderedwith respectto the lexicographicorderingobtainedby combiningthe ordering
< d of eachdomainwith the orderingof the sequencevar(cj ) (or with respectto any
total order usedwhen searchingfor support). Oncethis orderingis de®ned,a call to
REVISE2001/3.1(x i ; cj ) (seeFig. 7) checksfor eacha 2 D i whetherLast ((x i ; a); cj ),
which is the smallestsupportfound previously for (x i ; a), still belongsto D var (cj ) . If
not, it looks for a new supportfor a on cj . If sucha support� exists, it is storedas

Last ((x i ; a); cj ), otherwisea is removed from D i . The function succ(� ; D var (cj )
j x i = a ) re-

turnsthesmallesttuplein D var (cj )
j x i = a greaterthan� .

procedureREVISE2001/3.1(x i ; cj )
begin

DELETE false
for eacha 2 D i do

�  Last((x i ; a); cj )
if 9k=� [x j k ] 62D j k then

�  succ(� ; D var (cj )
j x i = a )

while (� 6= N I L ) and (: cj (� )) do
�  succ(� ; D var (cj )

j x i = a )
if � 6= N I L then

Last((x i ; a); cj )  �
else

deletea from D i

DELETE true
return DELETE

end

Figure7: ProcedureREVISEfor GAC2001/3.1

14



In Fig. 8, we presenta versionof themain algorithmbasedon theoneproposedin
[Mac77b]. It is a bruteforcepropagationschemathatdoesnot take into accountthefact
thatin practicesomeof theconstraintsmayhaveadhocpropagators.Thusthealgorithm
may have to be adapteddependingon the architectureof the solver in which it is used.
Standardtechniquesaredescribedin [ILO99, Lab00].

algorithm GACX
begin

Q  f (x i ; cj ) j cj 2 C; x i 2 var(cj )g
while Q notemptydo

selectanddeleteany pair (x i ; cj ) from Q
if REVISEX (x i ; cj ) then

Q  Q [ f (xk ; cm ) j cm 2 C; x i ; xk 2 var(cm ); m 6= j; i 6= kg
end

Figure8: A nonbinaryversionof coarse-grainedarcconsistency algorithm

Complexity. Theworst-casetime complexity of GAC2001/3.1dependson thearity of
the constraintsinvolved in the constraintnetwork. The greaterthe numberof variables
involvedin a constraint,thehigherthecostto propagateit. Let us®rst limit our analysis
to thecostof enforcingGAC on a singleconstraint,cj , of arity r = jvar(cj )j. For each

variablex i 2 var(cj ), for eachvaluea 2 D i , we look for supportsin thespaceD var (cj )
j x i = a ,

whichcancontainup to dr � 1 tuples.If thecostof constraintchecks2 is in O(r ) thisgives
a costin O(rdr � 1) for checkingviability of a value.Sincewehaveto ®nd supportfor rd
values,thecostof enforcingGAC on cj is in O(r 2dr ). If we enforceGAC on thewhole
constraintnetwork, valuescanbe prunedby otherconstraints,andeachtime a valueis
prunedfrom thedomainof a variableinvolvedin cj , we have to revisecj . So,cj canbe
revisedup to rd times. Fortunately, additionalcalls to REVISE2001/3.1do not increase
its complexity since,asin the binary case,Last ((x i ; a); cj ) ensuresthat the searchfor
supportfor (x i ; a) on cj will never checktwice thesametuple. Therefore,in a network
involving constraintsof arity boundedby r , thetotal time complexity of GAC2001/3.1is
in O(er2dr ).

6 RelatedWork and Discussion

Many arcconsistency algorithmshave beendesignedsincethebirth of the®rst suchal-
gorithm. In this sectionwe presenta systematicway to view thesealgorithmsincluding

2Thecostof aconstraintcheckis sometimesconsideredasconstanttimewhile it is naturalto assumeits cost
belinearto its arity.
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AC-3, AC-4, AC-6 , AC-7 andAC2001/3.1.We alsopresentan analysisof the perfor-
manceof thesealgorithms,especiallyAC2001/3.1andAC-6.

6.1 A Classi®cationand Comparisonof AC algorithms

Arc consistency algorithmscanbeclassi®edby theirmethodsof propagation.Sofar, two
approachesareemployedin known ef®cientalgorithms:arcorientedandvalueoriented.
Arc orientedpropagationoriginatesfrom AC-1 andits underlyingcomputationmodelis
theconstraintgraphwherewe have only variablesandtopologicalrelationshipbetween
variablesderivedfrom constraints.

De�nition 3 Theconstraintgraphof a constraint network(N ; D ; C) is the graph G =
(V; E) where V = N andE = f (i; j ) j 9cij 2 C g.

Value orientedpropagationoriginatesfrom AC-4 and its underlying computation
model is the valuebasedconstraintgraphwhereeachconstraintis also representedas
a (sub)graph.For example,thegraphin Fig 4 is a valuebasedgraphwherea vertex is a
valueandanedgeis anallowedtupleby thecorrespondingconstraint.

De�nition 4 Thevaluebasedconstraintgraphof a constraint network(N ; D ; C) is G =
(V; E) where V = f (i; a) j x i 2 N; a 2 D i g and E = f (( i; a); (j; b)) j a 2 D i ; b 2
D j ; cij 2 C; (a; b) 2 cij g.

Thevaluebasedconstraintgraphis alsoknown underthenamesconsistencygraphor
microstructure. A morespeci®cnamefor thetraditionalconstraintgraphmaybevariable
basedconstraint graph. Thekey ideaof valueorientedpropagationis thatoncea value
is removedonly theviability of thosevaluesdependingon it will bechecked. Thusit is
more®ne-grainedthanarcorientedpropagation.Algorithmsworking with variableand
valuebasedconstraintgraphscanbeclassi®edrespectively ascoarse-grainedalgorithms
and®ne-grainedalgorithms.

An immediateobservationis thatcomparedwith variablebasedconstraintgraph,the
time complexity analysisin valuebasedconstraintgraphis straightforward. That is, the
total numberof operationsduringtheexecutionof a®ne-grainedalgorithmwill beof the
sameorderasthenumberof edgesin thevaluebasedconstraintgraph:O(ed2). As far
asweknow, Perlin[Per92] is the®rst to makevaluebasedconstraintgraphexplicit in arc
consistency enforcingalgorithm.

Givena computationmodelof propagation,thealgorithmsdiffer in the implementa-
tion details. Undervariablebasedconstraintgraph,AC-3 [Mac77a] canbe thoughtof
asan openalgorithm,assuggestedby our notationACX . Its time complexity analysis
in [MF85] canbe regardedasa realizedimplementationwherea very intuitive revision
procedureis employed. The new algorithmAC2001/3.1presentedin this paperusesa
new implementationof the revision procedure,leadingto the optimal worst casetime
complexity. Our new approachsimply remembersthe supportobtainedin the previous
revision of anarcwhile in theold one,thechoiceis to be lazy, forgettingpreviouscom-
putation. Therearealsosomeapproachesto improve the spacecomplexity of AC-3 in
[McG79, CJ98].
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For valuebasedconstraintgraphs,AC-4 is the®rst AC implementationandAC-6 is
a lazy versionof AC-4. AC-7 exploits thebidirectionalityon thebasisof AC-6. Bidirec-
tionality statesthatgivenany cij ; cj i , andany a 2 D i ; b 2 D j , (a; b) 2 cij if andonly if
(b;a) 2 cj i .

Anotherobservation is that the generalpropertiesor knowledgeof a constraintnet-
work canbeisolatedfrom aspeci®carcconsistency enforcingalgorithm.In facttheidea
of metaknowledge [BFR99] canbe appliedto algorithmsfor eithercomputationmodel.
For example,to save the numberof constraintchecks,the bidirectionality canbe em-
ployed also in coarse-grainedalgorithm, e.g., in [Gas78, LBH03]. Other propagation
heuristics[WF92] suchaspropagatingdeletion®rst [BFR99] arealsoapplicableto the
algorithmsof bothmodels.

We have delineatedthe AC algorithmswhich shows that AC2001/3.1andAC-6 are
methodologicallydifferent.Fromatechnicalperspective,thetimecomplexity analysisof
AC2001/3.1is differentfrom thatof AC-6wheretheworstcasetimecomplexity analysis
is straightforward.Thepointof commonalitybetweenAC2001/3.1andAC-6 is thatthey
facethe sameproblem: the domainmay shrink during the processof arc consistency
enforcingandthustherecordedsupportmaynot bevalid in thefuture.This makessome
portionsof theimplementationof AC2001/3.1similar to AC-6. Weremarkthattheproof
techniquein the traditionalview of AC-3 doesnot directly leadto AC2001/3.1and its
complexity results.

6.2 Analysisof the Performanceof AC Algorithms

Thetimecomplexity of AC-3is in O(ed3) while thatof AC-4,AC-6,AC-7andAC2001/3.1
is in O(ed2). As for spacecomplexity, AC-3 usesas little asO(e) for its queue,AC-
4 hasa complexity of O(ed2), and AC2001/3.1,AC-6 and AC-7 have O(ed). When
dealingwith non-binaryconstraints,GAC3 [Mac77b] hasa O(er3dr +1 ) time complex-
ity, GAC2001/3.1is in O(er2dr ), while GAC4[MM88] andGAC-schema[BR97] arein
O(erdr ). GAC4isafactorr betterthanGAC2001/3.1becauseit computesthedr possible
constraintchecksonaconstraintonceandfor all at thebeginning,storingtheinformation
in listsof supportedvalues.For GAC-schema,thereasonis thattheuseof multidirection-
ality (i.e., bidirectionality for non-binaryconstraints)preventsit from checkinga tuple
oncefor eachvaluecomposingit.

AC-4doesnotperformwell in practice[Wal93, BFR99]becauseit reachestheworst
casecomplexity boththeoreticallyandin actualprobleminstanceswhenconstructingthe
valuebasedconstraintgraphfor the instance.Otheralgorithmslike AC-3 andAC-6 can
take advantageof someinstanceswheretheworst casedoesn't occur. In practice,both
arti®cial andreal life problemsrarely make algorithmsbehave in the worst caseexcept
for AC-4.3

Thenumberof constraintchecksis alsousedto evaluatepracticaltime ef®ciency of
AC algorithms.In theory, applyingbidirectionalityto all algorithmswill resultin better
performancesinceit decreasesthenumberof constraintchecks.However, if thecostof
constraintchecksis cheap,theoverheadof usingbidirectionalitymaynotbecompensated
by its savingsasdemonstratedby [BFR99].

3However, thevaluebasedconstraintgraphinducedfrom AC-4 providesa convenientandaccuratetool for
studyingarcconsistency.
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AC-6andAC2001/3.1have thesameworst-casetime andspacecomplexities. So,an
interestingquestionhereis “What arethedifferencesbetweenAC2001/3.1andAC-6 in
termsof constraintchecks?”.

Let us ®rst brie�y recall the AC-6 behavior [Bes94]. AC-6 looks for one support
(the�r st oneor smallestonewith respectto theordering< d) for eachvalue(x i ; a) with
respectto eachconstraintcij to prove that a is currentlyviable. When(x j ; b) is found
asthe smallestsupportfor (x i ; a) wrt cij , (x i ; a) is addedto S[x j ; b], the list of values
currentlyhaving (x j ; b) as their smallestsupport. If (x j ; b) is removed from D j , it is
addedto the DeletionSet, which is the streamdriving propagationsin AC-6. When
(x j ; b) is pickedfrom theDeletionSet, AC-6 looksfor thenext support,greaterthanb,
in D j for eachvalue(x i ; a) in S[x j ; b].

To allow a closercomparison,we will supposein thefollowing thattheS[x i ; a] lists
usedin AC-6 aresplit with respectto eachconstraintcij involving x i , leadingto a struc-
tureS[x i ; a; x j ], asin AC-7.

Property 1 Givena constraint network(N ; D ; C). If wesupposeAC2001/3.1andAC-6
follow thesameorderingof variablesandvalueswhenlookingfor supportsandpropagat-
ing deletions,then,enforcing arc consistencyon thenetworkwith AC2001/3.1performs
thesameconstraint checksaswith AC-6.

Proof. Sincethey follow thesameordering,bothalgorithmsperformthesameconstraint
checksin the initialization phase:they stopsearchfor supportfor a value(x i ; a) on cij

assoonasthe ®rst b 2 Dj compatiblewith a is found,or whenD j is exhausted(then
removing a from D i ). During the propagationphase,both algorithmslook for a new
supportfor a value(x i ; a) with respectto cij only whena valuebremovedfrom D j was
the currentsupportfor a (i.e., a 2 S[x j ; b;x i ] for AC-6, andb = Last ((x i ; a); x j ) for
AC2001/3.1).Both algorithmssearchin D j for a new supportfor a immediatelygreater
thanb. Thus,they will ®nd thesamenew supportfor a with respectto cij , or will remove
a, at thesametime,andwith thesameconstraintchecks.And soon. 2

Fromproperty1, weseethatthedifferencebetweenAC2001/3.1andAC-6cannotbe
characterizedby the numberof constraintchecksthey perform. We will thenfocuson
theway they ®nd which valuesshouldlook for a new support.For that,bothalgorithms
handletheir speci®cdatastructure.Let uscharacterizethenumberof timeseachof them
checksits own datastructurewhena set�( x j ) of deletionsfrom D j is propagatedwith
respectto a givenconstraintcij .

Property 2 Letcij bea constraint in a constraint network(N ; D ; C). Let �( x j ) bea set
of valuesremovedfromD j thathaveto bepropagatedwith respectto cij . If,

� dA = j�( x j )j +
P

b2 �( x j ) jS[x j ; b;x i ]j,

� dB = jD i j, and

� dC = # constraint checksperformedoncij to propagate�( x j ),

then,dA + dC anddB + dC representthenumberof operationsAC-6 andAC2001/3.1
will respectivelyperformto propagate�( x j ) oncij .
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Figure9: Theconstraintexample

Proof. From property1 we know that AC-6 and AC2001/3.1perform the samecon-
straint checks. The differenceis in the processleading to them. AC-6 traversesthe
S[x j ; b;x i ] list for eachb 2 �( x j ) (i.e.,dA operations),andAC2001/3.1checkswhether
Last ((x i ; a); x j ) belongsto D j for everya in D i (i.e.,dB operations). 2

We illustratethis on theextremecasepresentedin Fig. 9. In thatexample,thethree
valuesof x i areall compatiblewith the®rst valuev0 of x j . In addition,(x i ; v1) is com-
patiblewith all thevaluesof x j from v1 to v50, and(x i ; v2) with all thevaluesof x j from
v51 to v100 . Imaginethat for somereason,thevaluev3 hasbeenremovedfrom D i (i.e.,
�( x i ) = f v3g). This leadsto dA = 1, dB = 101, anddC = 0, which is a casein which
propagatingwith AC-6 is muchbetterthanwith AC2001/3.1,evenif noneof themneeds
any constraintcheck. Indeed,AC-6 just checksthat S[x i ; v3; x j ] is empty,4 andstops.
AC2001/3.1takesoneby onethe101valuesbof D j to checkthattheir Last ((x j ; b); x i )
is not in �( x i ). Imaginenow thatinsteadof thevaluev3 of D i thesearethevaluesv1 to
v100 of D j thathavebeenremoved(i.e., � j = f v1; : : : ; v100g). Now, dA = 100, dB = 3,
anddC = 0. This meansthatAC2001/3.1will clearlyoutperformAC-6. Indeed,AC-6
will checkfor all the100valuesb in �( x j ) thatS[x j ; b;x i ] is empty,5 while AC2001/3.1
just checksthatLast ((x i ; a); x j ) is not in �( x j ) for everyvalue(totally 3) a 2 D i .

Finally, giventhatbothvariableandvaluebasedconstraintgraphscanleadto worst
caseoptimal algorithms,we considertheir strengthon somespecialconstraints:func-
tional,monotonicandanti-functional.For moredetails,see[VDT92] and[ZY00]. Coarse
grainedalgorithmscanbeeasilyadaptedto processmonotonicandanti-monotoniccon-
straintsin a time complexity of O(ed) (e.g.,usingAC2001/3.1).Finegrainedalgorithms

4Theonly valuecompatiblewith (x i ; v3 ) is (x j ; v0 ), which is currentlysupportedby (x i ; v1 ).
5Indeed,(x j ; v0 ) is the currentsupportfor the threevaluesin D i sinceit is the smallestin D j andit is

compatiblewith every valuein D i .
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(e.g.,AC-4 andAC-6) candealwith functionalconstraintsef®ciently with complexity
O(ed). We remarkthat theparticulardistanceconstraintsin RLFAP canbe enforcedto
bearcconsistentin O(ed) by usinga coarse-grainedalgorithm. It is dif®cult for coarse-
grainedalgorithmto dealwith functionalconstraintsandtricky for ®negrainedalgorithms
to handlemonotonicconstraints.Thatis why AC-5 [VDT92] is introduced.In factAC-5
usesbothgraphs.

By showing thatcoarse-grainedalgorithmscanbemadeworstcaseoptimal,this pa-
peropensopportunitiesto constructnew ef®cientalgorithmsthroughreexaminingin the
context of coarse-grainedalgorithmsthosetechniques(e.g., bidirectionality and other
heuristicsor metaknowledge)mainlyemployedin ®ne-grainedalgorithms.

Detailedexperimentsin [Wal93] show theadvantageof AC-3 over AC-4. Our work
complementsthisby providing awayto makecoarse-grainedalgorithmsto beworstcase
optimal.

7 Conclusion

ThispaperpresentsAC2001/3.1,acoarse-grainedalgorithmthatimprovesAC-3. AC2001/3.1
usesanadditionaldatastructure,theLast supports,which shouldbemaintainedduring
propagation. This datastructurepermitsa signi®cantimprovementon AC-3, and de-
creasesthe worst casetime complexity to the optimal O(ed2). AC2001/3.1is the ®rst
algorithmin the literatureachieving optimally arc consistency while being free of any
lists of supportedvalues. While worst casetime complexity givesus the upperbound
on thetimecomplexity, in practice,therunningtimeandnumberof constraintchecksare
theprimeconsideration.Ourexperimentsshow thatAC2001/3.1signi®cantlyreducesthe
numberof constraintchecksandtherunningtime of AC-3 on hardarcconsistency prob-
lems. Furthermore,the runningtime of AC2001/3.1is competitive with thebestknown
algorithms,basedon thebenchmarksfrom theexperimentsin [BFR99]. Its behavior is
analysed,andcomparedto thatof AC-6, makinga contribution to the understandingof
the differentAC algorithms. The papershows how the techniqueusedin AC2001/3.1
directly appliesto nonbinaryconstraints.In addition,this techniquecanalsobeusedto
producea new algorithmfor pathconsistency. We conjecturefrom theresultsof [CJ98]
thatthisalgorithmcangivea practicalimplementationfor pathconsistency.
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