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R � esum � e

Man y real-life Constrain t Satisfaction Problems (CSPs) in v olv e some

constrain ts similar to the alldi�eren t constrain ts. These constrain ts are

called constrain ts of di�erence. They are de�ned on a subset of v ariables

b y a set of tuples for whic h the v alues o ccuring in the same tuple are all

di�eren t. In this pap er, a new �ltering algorithm for these constrain ts is

presen ted. It ac hiev es the generalized arc-consistency condition for these

non-binary constrain ts. It is based on matc hing theory and its complexit y

is lo w. In fact, for a constrain t de�ned on a subset of p v ariables ha ving

domains of cardinali t y at most d , its space complexit y is O ( pd ) and its

time complexit y is O ( p

2

d

2

). This �ltering algorithm has b een successfully

used in the system RESYN

[

Vismara et al. , 1992

]

, to solv e the subgraph

isomorphism problem.

1 In tro duction

The constrain t satisfaction problems (CSPs) form a simple formal frame to rep-

resen t and solv e some problems in arti�cial in telligence. The problem of the exis-

tence of solutions in a CSP is NP-complete. Therefore, some metho ds ha v e b een

dev elop ed to simplify the CSP b efore or during the searc h for solutions. The

consistency tec hniques are the most frequen tly used. Sev eral algorithms ac hiev-

ing arc-consistency ha v e b een prop osed for binary CSPs

[

Mac kw orth, 1977;

Mohr and Henderson, 1986; Bessi � ere and Cordier, 1993; Bessi � ere, 1994

]

and for

n-ary CSPs

[

Mohr and Masini, 1988a

]

. Only limited w orks ha v e b een carried

out on the seman tics of constrain ts :

[

Mohr and Masini, 1988b

]

ha v e describ ed

�

This w ork w as supp orted b y SANOFI-CHIMIE

1



an impro v emen t of the algorithm A C-4 for sp ecial constrain ts in tro duced b y a

vision problem,

[

V an Hen tenryc k et al. , 1992

]

ha v e studied monotonic and func-

tional binary constrain ts. In this w ork, w e are in terested in a sp ecial case of

n-ary constrain ts : the constrain ts of di�erence, for whic h w e prop ose a �ltering

algorithm.

A constrain t is called c onstr aint of di�er enc e if it is de�ned on a subset of

v ariables b y a set of tuples for whic h the v alues o ccuring in the same tuple are

all di�eren t. They are presen t in man y real-life problems.

These constrain ts can b e represen ted as n-ary constrain ts and �ltered b y the

generalized arc-consistency algorithm GA C4

[

Mohr and Masini, 1988a

]

. This

�ltering e�cien tly reduces the domains but its complexit y can b e exp ensiv e. In

fact, it dep ends on the length and the n um b er of all admissible tuples. Let us

consider a constrain t of di�erence de�ned on p v ariables, whic h tak e their v alues

in a set of cardinalit y d . Th us, the n um b er of admissible tuples corresp onds to

the n um b er of p erm utations of p elemen ts selected from d elemen ts without

rep etition :

d

P

p

=

d !

( d � p )!

. Therefore some constrain t resolution systems, lik e

CHIP

[

V an Hen tenryc k, 1989

]

, represen t these n-ary constrain ts b y sets of binary

constrain ts. In this case, a binary constrain t of di�erence is built for eac h pair

of v ariables b elonging to the same constrain t of di�erence. But the pruning

p erformance of arc-consistency , for these constrain ts is p o or. In fact, for a

binary alldi�eren t constrain t b et w een t w o v ariables i and j , arc-consistency

remo v es a v alue from domain of i only when the domain of j is reduced to a

single v alue. Let us supp ose w e ha v e a CSP with 3 v ariables x

1

, x

2

, x

3

and one

Represen tation b y

3-ary constrain t

Represen tation b y

binary constrain ts

of di�erence

a b

a b ca b c

a b

a b

a b

x1

x2 x3 x2

x1

x3

Figure 1:

constrain t of di�erence b et w een these v ariables (see �gure 1). The domains of

v ariables are D

1

= f a; b g , D

2

= f a; b g and D

3

= f a; b; c g . The GA C4 �ltering

with the constrain t of di�erence represen ted b y a 3-ary constrain t, remo v es the

v alues a and b from the domain of x

3

, while arc-consistency with the constrain t

of di�erence represen ted b y binary constrain ts of di�erence, do es not delete an y

v alue.

In this pap er w e presen t an e�cien t w a y of implem en ting the generalized
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arc-consistency condition for the constrain ts of di�erence, in order to b ene�t

from its pruning p erformances. Its space complexit y is in O ( pd ) and its time

complexit y is in O ( p

2

d

2

).

The rest of the pap er is organized as follo ws. Section 2 giv es some pre-

liminari es on constrain t satisfaction problems and matc hing, and prop oses a

restricted de�nition of arc-consistency , whic h concerns only the constrain ts of

di�erence : the di�-arc-consistency . Section 3 presen ts a new condition to en-

sure the di�-arc-consistency in CSPs ha ving constrain ts of di�erence. In section

4 w e prop ose an e�cien t implem en tation to ac hiev e this condition and analyse

its complexit y . In section 5, w e sho w its p erformance and its in terest with an

example. A conclusion is giv en in section 6.

2 Prelimi naries

A �nite CSP (Constrain t Satisfaction Problem) P = ( X ; D ; C ) is de�ned as a set

of n variables X = f x

1

; :::; x

n

g , a set of �nite domains D = f D

1

; :::; D

n

g where

D

i

is the set of p ossible values for v ariable i and a set of c onstr aints b et w een

v ariables C = f C

1

; C

2

; :::; C

m

g . A constrain t C

i

is de�ned on a set of v ariables

( x

i

1

; :::; x

i

j

) b y a subset of the cartesian pro duct D

i

1

� ::: � D

i

j

. A solution is

an assignmen t of v alue to all v ariables whic h satis�es all the constrain ts. W e

will denote b y :

� D ( X

0

) the union of domains of v ariables of X

0

� X ( i.e D ( X

0

) = [

i 2 X

0

D

i

).

� X

C

the set of v ariables on whic h a constrain t C is de�ned.

� p the arit y of a constrain t C : p = j X

C

j .

� d the maxima l cardinalit y of domains.

A v alue a

i

in the domain of a v ariable x

i

is consisten t with a giv en n-ary

constrain t if there exists v alues for all the other v ariables in the constrain t suc h

that these v alues with a

i

to gether simultane ously satisfy the constrain t. More

generally , arc-consistency for n-ary CSPs or the generalized arc-consistency is

de�ned as follo ws

[

Mohr and Masini, 1988a

]

:

De�niti on 1 A CSP P = ( X ; D ; C ) is arc-consisten t i� : 8 x

i

2 X ; 8 a

i

2

D

i

; 8 C 2 C c onstr aining x

i

; 8 x

j

; :::; x

k

2 X

C

; 9 a

j

; :::; a

k

such that C ( a

j

; :::; a

i

; :::; a

k

)

holds.

De�niti on 2 Given a CSP P = ( X ; D ; C ) , a c onstr aint C is c al le d constrain t

of di�erence if it is de�ne d on a subset of variables X

C

= f x

i

1

; :::; x

i

k

g by a

set of tuples, denote d by tupl es ( C ) such that : tupl es ( C ) = D

i

1

� ::: � D

i

k

n

f ( d

1

; :::; d

k

) 2 D

i

1

� ::: � D

i

k

s:t: 9 u; v j d

u

= d

v

g

F rom the previous de�nition, w e prop ose a sp ecial arc-consistency whic h con-

cerns only the constrain ts of di�erence :

3



De�niti on 3 A CSP P = ( X ; D ; C ) is di�-arc-consist en t i� al l of its c on-

str aints of di�er enc e ar e ar c-c onsistent.

De�niti on 4 Given a c onstr aint of di�er enc e C , the bip artite gr aph GV ( C ) =

( X

C

; D ( X

C

) ; E ) wher e ( x

i

; a ) 2 E i� a 2 D

i

is c al le d v alue graph of C .

Figure 2 giv es an example of a constrain t of di�erence and its v alue graph.

Dx1= f 1,2 g

Dx2= f 2,3 g

Dx3= f 1,3 g

Dx4= f 2,4 g

Dx5= f 3,4,5,6 g

Dx6= f 6,7 g

x1

x2

x3

x4

x5

x6

1

2

3

4

5

6

7

X= f x1,x2,x3,x4,x 5,x 6 g

Figure 2: A constrain t of di�erence de�ned on a set X and its v alue graph

De�niti on 5 A subset of e dges in a gr aph G is c al le d matc hing if no two

e dges have a vertex in c ommon. A matching of maximum c ar dinality is c al le d

a maxim um matc hing . A matc hing M co v ers a set X if every vertex in

X is an endp oint of an e dge in M .

Note that a matc hing whic h co v ers X in a bipartite graph G = ( X ; Y ; E ) is a

maxim um matc hing.

F rom the de�nition of a matc hing and the v alue graph w e presen t, in the

next section, a new necessary condition to ensure the di�-arc-consistency in

CSPs ha ving constrain ts of di�erence.

3 A new condition for CSPs ha ving constrain ts

of di�erence

The follo wing theorem establishes a link b et w een the di�-arc-consistency and

the matc hing notion in the v alue graph of the constrain ts of di�erence.

Theorem 1 Given a CSP P = ( X ; D ; C ) . P is di�-ar c-c onsistent i� for e ach

c onstr aint of di�er enc e C of C every e dge in GV ( C ) b elongs to a matching which

c overs X

C

in GV ( C ) .

4



pro of

) : Let us consider a constrain t of di�erence C and GV ( C ) its v alue graph.

F rom eac h admissible tuple of C , a set of pairs can b e built. A pair consists of a

v ariable and its assigned v alue in the tuple. The set of pairs con tains a pair for

eac h v ariable. This set corresp onds to a set of edges, denoted b y A in GV ( C ).

Since P is di�-arc-consisten t, the v alues in eac h tuple are all di�eren t. Th us,

t w o edges of A cannot ha v e a v ertex in common and A is a matc hing whic h

co v ers X

C

. Moreo v er, eac h v alue of eac h v ariable in the constrain t b elongs to

at least one tuple. So, eac h edge of GV ( C ) b elongs to a matc hing whic h co v ers

X

C

.

( : Let us consider a v ariable x

i

and a v alue a of its domain. F or eac h constrain t

of di�erence C , the pair ( x

i

; a ) b elongs to a matc hing whic h co v ers X

C

in

GV ( C ). Since in a matc hing no t w o edges ha v e a v ertex in common, there

exists v alues for all the other v ariables in the constrain t suc h that these v alues

together sim ultaneously satisfy the constrain t. So P is di�-arc-consisten t. 2

The use of matc hing theory is in teresting b ecause

[

Hop croft and Karp, 1973

]

ha v e sho wn ho w to compute a matc hing whic h co v ers X in a bipartite graph

G = ( X ; Y ; E ), with m edges,

1

in time O (

p

j X j m ).

This theorem giv es us an e�cien t w a y to represen t the constrain t of di�erence

in a CSP . In fact, a constrain t of di�erence can b e represen t only b y its v alue

graph, with a space complexit y in O ( pd ). It also allo ws us to de�ne a basic

algorithm (algorithm 1) to �lter the domains of v ariables of the set on whic h

one constrain t of di�erence is de�ned. This algorithm builds the v alue graph of

the constrain t of di�erence and computes a matc hing whic h co v ers X

C

in order

to delete ev ery edge whic h b elongs to no matc hing co v ering X

C

. Figure 3 giv es

an application of this �ltering.

Algorithm 1: Diff-Initializa tion ( C )

% returns false if there is no solution, otherwise true

% the function ComputeMaximumMa tching( G ) computes a maxim um matc hing

in the graph G

b egin

1 Build G = ( X

C

; D ( X

C

) ; E )

2 M ( G )  ComputeMaximumMa tching( G )

if j M ( G ) j < j X

C

j then return f al se

3 Remo veEdgesFr omG( G , M ( G ) )

return tr ue

end

The complexit y of step 1 is O ( d j X

C

j + j X

C

j + j D ( X

C

) j ). Step 2 costs

O ( d j X

C

j

p

j X

C

j ). And w e no w sho w that it is p ossible to compute step 3 in linear

time. So the complexit y for one constrain t of di�erence will b e O ( d j X

C

j

p

j X

C

j ).

1

[

Alt et al. , 1991

]

giv e an implemen ta tion of Hop croft and Karp's algorithm whic h runs in

time O ( j X j

1 : 5

p

m log j X j ). F or dense graph this is an impro v emen t b y a factor of

p

log j X j .

5



4 Deleti on of ev ery edge whic h b elongs to no

matc hing whic h co v ers X

In order to simplify the notation, w e consider a bipartite graph G = ( X ; Y ; E )

rather than the bipartite graph G = ( X

C

; D ( X

C

) ; E ), and a matc hing M whic h

co v ers X in G . In order to understand ho w w e can delete ev ery edge whic h

x1

x2

x3

x4

x5

x6

1

2

3

4

5

6

7

x1

x2

x3

x4

x5

x6

1

2

3

4

5

6

7

Figure 3: A v alue graph b efore and after the �ltering.

b elongs to no matc hing, w e presen t a few de�nitions ab out matc hing theory . F or

more information the reader can consult

[

Berge, 1970

]

or

[

Lo v� asz and Plummer,

1986

]

.

De�niti on 6 L et M b e a matching, an e dge in M is a matc hing e dge; every

e dge not in M is free . A vertex is matc hed if it is incident to a matching e dge

and free otherwise. A n alternating path or cycle is a simple p ath or cycle

whose e dges ar e alternately matching and fr e e. The length of an alternating

p ath or cycle is the numb er of e dges it c ontains. A n e dge which b elongs to every

maximum matching is vital .

Figure 3 giv es an example of a matc hing whic h co v ers X in a bipartite graph.

The b old edges are the matc hing edges. V ertex 7 is free. The path (7 ; x 6 ; 6 ; x 5 ; 5)

is an alternating path whic h b egins at a free v ertex. The cycle (1 ; x 3 ; 3 ; x 2 ; 2 ; x 1 ; 1)

is an alternating cycle. The edge ( x 4 ; 4) is vital.

Prop ert y 1 (Berge 1970) A n e dge b elongs to some of but not al l maximum

matchings, i�, for an arbitr ary maximum matching M , it b elongs to either an

even alternating p ath which b e gins at a fr e e vertex, or an even alternating cycle.

F rom this prop ert y w e can �nd for an arbitrary matc hing M whic h co v ers X ,

ev ery edge whic h b elongs to no matc hing co v ering X . There are the edges whic h

b elong to neither M (there are not vital), nor an ev en alternating path whic h

b egins at a free v ertex, nor an ev en alternating cycle.

6



Prop ositi on 1 Given a bip artite gr aph G = ( X ; Y ; E ) with a matching M

which c overs X and the gr aph G

O

= ( X ; Y ; S ucc ) , obtaine d fr om G by orienting

e dges with the function :

8 x 2 X : S ucc ( x ) = f y 2 Y = ( x; y ) 2 M g

8 y 2 Y : S ucc ( y ) = f x 2 X = ( x; y ) 2 E � M g

we have the two fol lowing pr op erties :

1) Every dir e cte d cycle of G

O

c orr esp onds to an even alternating cycle of

G , and c onversely.

2) Every dir e cte d simple p ath of G

O

, which b e gins at a fr e e vertex c or-

r esp onds to an even alternating p ath of G which b e gins at a fr e e vertex, and

c onversely.

pro of

If w e ignore the parit y , it is ob vious that the prop osition is true. In the �rst

case, since G is bipartite it do es not ha v e an y o dd cycle. In the second case,

w e m ust sho w ev ery directed simple path of G

O

whic h b egins at a free v ertex

to corresp onds to an ev en alternating path of G whic h b egins at a free v ertex.

M is a matc hing whic h co v ers X , so there is no free v ertex in X . Since G is

bipartite and since ev ery path b egins at a free v ertex, in Y , ev ery o dd directed

simple path ends with a v ertex in X . F rom this v ertex, w e can alw a ys �nd a

v ertex in Y whic h do es not b elong to the path, b ecause ev ery v ertex in X has

one successor and b ecause a v ertex in Y has one predecessor. Therefore from

an o dd directed simple path w e can alw a ys build an ev en directed simple path. 2

F rom this prop osition w e pro duce a linear algorithm (algorithm 2), that

deletes ev ery edge whic h do es not b elong to an y matc hing whic h co v ers X .

Step 2 �nds all edges b elonging to the directed simple paths of G

O

, whic h

b egins at a free v ertex. Moreo v er, it �nds some edges b elonging to the directed

cycles of G

O

. Step 3 computes the strongly connected comp onen t of G

O

, b ecause

an edge joining t w o v ertices in the same strongly connected comp onen t b elongs

to a directed cycle and con v ersely . These edges b elong to an ev en alternating

cycle of G (cf p oin t 1 of prop osition 1). After this step the set A of all edges

b elonging to some but not all matc hings co v ering X are kno wn. The set RE

of edges to remo v e from G is: RE = E � ( A [ M ). This is done b y step

4. The algorithm complexit y is the same as the searc h for strongly connected

comp onen ts

[

T arjan, 1972

]

, i.e O ( m + n ) for a graph with m edges and n v ertices.

W e ha v e sho wn ho w for one constrain t of di�erence C ev ery edge whic h

b elongs to no matc hing whic h co v ers X

C

can b e deleted. But a v ariable can b e

constrained b y sev eral constrain ts and it is necessary to propagate the deletions.

In fact, let us consider x

i

a v ariable of X

C

, x

i

can b e constrained b y sev eral

constrain ts. Th us, a v alue of D

i

can b e deleted for reasons indep enden t from C .

This deletion in v olv es the remo v al of one edge from GV ( C ). So, it is necessary

to study the consequences of this mo di�cation of the GV ( C ) structure.

7



Algorithm 2: Remo veEdgesFr omG ( G , M ( G ))

% RE is the set of edges remo v ed from G .

% M ( G ) is a matc hing of G whic h co v ers X

% The function returns RE

b egin

1 Mark all directed edges in G

O

as \un used".

Set RE to ; .

2 P erform a breadth-�rst searc h starting from

free v ertices, and mark all tra v ersed edges as \used".

3 Compute the strongly connected comp onen ts of G

O

.

Mark as \used" an y directed edge that joins t w o

v ertices in the same strongly connected comp onen t.

4 for eac h directed edge de mark ed as \un used" do

set e to the corresp onding edge of de

if e 2 M ( G ) then mark e as \vital"

else

RE  RE [ f e g

remo v e e from G

return RE

end

5 Propagation of deletions

The deletion of v alues for one constrain t of di�erence can in v olv e some mo di�-

cations for the other constrain ts. And for the other constrain ts of di�erence w e

can do b etter than rep eat the �rst algorithm b y using the fact that b efore the

deletion, a matc hing whic h co v ers X is kno wn.

The propagation algorithm w e prop ose has t w o sets as parameters. The

�rst one represen ts the set of edges to remo v e from the bipartite graph, and the

second the set of edges that will b e deleted b y the �ltering. The algorithm needs

a function, denoted b y Ma tchingCo veringX ( G; M

1

; M

2

), whic h computes a

matc hing M

2

, whic h co v ers X , from a matc hing M

1

whic h is not maxim um . It

returns true if M

2

exists and false otherwise. The new �ltering is represen ted

b y algorithm 3.

It is divided in to three parts. First, it remo v es edges from the bipartite

graph. Second, it ev en tually computes a new matc hing whic h co v ers X

C

. Third,

it deletes the edges whic h do es not b elongs to an y matc hing co v ering X

C

. The

algorithm returns false if E R con tains a vital edge or if there do es not exist a

matc hing whic h co v ers X

C

.

No w, let us compute its complexit y . Let m b e the n um b er of edges of G , and

n b e the n um b er of v ertices. Let us supp ose that w e m ust remo v e k edges from

G ( j E R j = k ). The complexit y of 1 is in O ( k ). Step 2 in v olv es, in the w orst

case, the computation of a matc hing co v ering X

C

from a matc hing of cardinalit y

j M � k j . This computation has cost O (

p

k m ) (see theorem 3 of

[

Hop croft and

Karp, 1973

]

). The complexit y of step 3 is in O ( m ).

8



Algorithm 3: Diff-Pr op a ga tion ( G , M ( G ), E R , RE )

% the function returns false if there is no solution

% G is a v alue graph

% M ( G ) is a matc hing whic h co v ers X

C

% E R is the set of edges to remo v e from G

% RE is the set of edges that will b e deleted b y the �ltering

b egin

computeM atching  f al se

1 for eac h e 2 E R do

if e 2 M ( G ) then

M ( G )  M ( G ) � f e g

if e is mark ed as \vital" then return f al se

else computeM atching  tr ue

remo v e e from G

2 if computeM atching then

if : Ma tchingCo veringX( G , M ( G ), M

0

) then

return f al se

else

M ( G )  M

0

3 RE  Remo veEdgesFr omG( G , M ( G ) )

return tr ue

end

In the w orst case, the edges of G can b e deleted one b y one. Then the previous

function will b e called m times. So the global complexit y is in O ( m

2

). If

p = j X

C

j and d is the maxim um cardinalit y of domains of v ariables of X

C

, then

the complexit y is in O ( p

2

d

2

) for one constrain t of di�erence.

6 An example : the zebra problem

1. There are �v e houses, eac h of a di�eren t color and inhabited b y men of dif-

feren t nationalities, with di�eren ts p ets, drinks and cigarettes.

2. The Englishman liv es in the red house.

3. The Spaniard o wns a dog.

4. Co�ee is drunk in the green house.

5. The Ukrainian drinks tea.

6. The green house is imm ediately to the righ t of the iv ory house.

7. The Old-Gold smok er o wns snails.

8. Ko ols are b eing smok ed in the y ello w house.

9. Milk is drunk in the middle house.

10. The Norw egian liv es in the �rst house on the left.

11. The Chester�eld smok er liv es next to the fo x o wner.

12. Ko ols are smok ed in the house next to the house where the horse is k ept.
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13. The Luc ky-Strik e smok er drinks orange juice.

14. The Japanese smok es P arliamen t.

15. The Norw egian liv es next to the blue house.

The query is : Who drinks w ater and who o wns the zebra ?

This problem can b e represen ted as a constrain t net w ork in v olving 25 v ari-

ables, one for eac h of the �v e colors, drinks, nationalities, cigarettes and p ets :

C

1

red B

1

co�ee N

1

Englishman T

1

Old-Gold A

1

dog

C

2

green B

2

tea N

2

Spaniard T

2

Chester�eld A

2

snails

C

3

iv ory B

3

milk N

3

Ukranian T

3

Ko ols A

3

fo x

C

4

y ello w B

4

orange N

4

Norw egian T

4

Luc ky-Strik e A

4

horse

C

5

blue B

5

w ater N

5

Japanese T

5

P arliamen t A

5

zebra

Eac h of the v ariables has domain v alues f 1 ; 2 ; 3 ; 4 ; 5 g , eac h n um b er corre-

sp onding to a house p osition (e.g. assigning the v alue 2 to the v ariable horse

means that the horse o wner liv es in the second house)

[

Dec h ter, 1990

]

. The

assertions 2 to 15 are translated in to unary and binary constrain ts. In addition,

there are three w a ys of represen ting the �rst assertion whic h means that the

v ariables in the same cluster m ust tak e di�eren t v alues :

1. A binary constrain t is built b et w een an y pair of v ariables of the same

cluster ensuring that they are not assigned the same v alue. In this case

w e ha v e a binary CSP .

2. Fiv e 5-ary constrain ts of di�erence are built (one for eac h of the clusters).

And the CSP is not binary .

3. The �v e 5-ary constrain ts of di�erence are represen ted b y their v alue

graphs. The space complexit y of one constrain t is in O ( pd ).

The �rst represen tation is generally used to solv e the problem

[

Dec h ter, 1990;

Bessi � ere and Cordier, 1993

]

. F rom these three represen tations w e can study the

di�eren t results obtained from arc-consistency . They are giv en in �gures 4 and

5. The constrain ts corresp onding to the assertions 2 to 15 are represen ted in

extension. The constrain ts of di�erence among the v ariables of eac h cluster are

omitted for clarit y .

F or the �rst represen tation, the result of the �ltering b y arc-consistency is

giv en in �gure 4.

F or the second represen tation, the �ltering algorithm emplo y ed is the gen-

eralized arc-consistency . Figure 5 sho ws the new results. It has pruned more

v alues that the previous one.

F or the third represen tation, the �ltering algorithm emplo y ed is arc-consistency

for the binary constrain ts com bined with the new �ltering for the constrain ts of

di�erence. The obtained results are the same as with the second metho d.
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2 (=) 3 (=) 4 (=) 5 (=) 6 (-1) 7 (=) 8 (=) 9

N

1

C

1

N

2

A

1

B

1

C

2

N

3

B

2

C

2

C

3

T

1

A

2

T

3

C

4

B

3

3 3 2 2 4 4 2 2 4 3 1 1 1 1 3

4 4 3 3 5 5 4 4 5 4 2 2 3 3

5 5 4 4 5 5 3 3 4 4

5 5 4 4 5 5

5 5

10 11 ( � 1) 12 ( � 1) 13 (=) 14 (=) 15 ( � 1)

N

4

T

2

A

3

A

4

T

3

T

4

B

4

N

5

T

5

N

4

C

5

A

5

B

5

1 1 2 2 1 1 1 2 2 1 2 1 1

2 1 2 3 2 2 3 3 2 2

2 3 3 4 4 4 4 4 3 4

3 2 4 3 5 5 5 5 4 5

3 4 4 5 5

4 3 5 4

4 5

5 4

Figure 4:

Let us denote b y a the n um b er of binary constrain ts corresp onding to the

assertions 2 to 15, p the size of a cluster, c the n um b er of clusters, d the n um b er

of v alues in a domain and O ( ed

2

) the complexit y for arc-consistency

2

in binary

CSPs. Let us compute the complexit y for the three metho ds :

1. F or the �rst represen tation, the n um b er of binary constrain ts of di�erence

added is in O ( cp

2

). So, the �ltering complexit y is O (( a + cp

2

) d

2

).

2. In the second case, w e can consider that the complexit y is the sum of

the lengths of all admissible tuples for the �v e 5-ary constrain ts. It is in

O (

d !

( d � p )!

p ).

3. F or the third metho d arc-consistency is in O ( ad

2

) and the �ltering for

the constrain ts of di�erence is in O ( cp

2

d

2

). The total complexit y is in

O ( ad

2

) + O ( cp

2

d

2

). It is equiv alen t to the �rst one.

The second �ltering eliminates more v alues than the �rst one. But its complexit y

is higher. The represen tation and the algorithm prop osed in this pap er giv e

pruning results equiv alen t to the second approac h with the same complexit y as

the �rst one. So w e can conclude that the new �ltering is go o d for problems

lo oking lik e the zebra problem.

2

[

Mohr and Masini, 1988b

]

reduce this complexit y to O ( ed ) for the binary alldi�eren t

constrain ts
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2 (=) 3 (=) 4 (=) 5 (=) 6 (-1) 7 (=) 8 (=) 9

N

1

C

1

N

2

A

1

B

1

C

2

N

3

B

2

C

2

C

3

T

1

A

2

T

3

C

4

B

3

3 3 3 3 4 4 2 2 4 3 3 3 1 1 3

4 4 4 4 5 5 4 4 5 4 4 4

5 5 5 5 5 5 5 5

10 11 ( � 1) 12 ( � 1) 13 (=) 14 (=) 15 ( � 1)

N

4

T

2

A

3

A

4

T

3

T

4

B

4

N

5

T

5

N

4

C

5

A

5

B

5

1 2 1 2 1 2 2 2 2 1 2 1 1

2 3 4 4 3 3 3

3 4 5 5 4 4 4

4 3 5 5 5

4 5

5 4

Figure 5:

7 Conclusion

In this pap er w e ha v e presen ted a �ltering algorithm for constrain ts of di�erence

in CSPs. This algorithm can b e view ed as an e�cien t w a y of implemen ting

the generalized arc-consistency condition for a sp ecial t yp e of constrain t : the

constrain ts of di�erence. It allo ws us to b ene�t from the pruning p erformance

of the previous condition with a lo w complexit y . In fact, its space complexit y is

in O ( pd ) and its time complexit y is in O ( p

2

d

2

) for one constrain t de�ned on a

subset of p v ariables ha ving domains of cardinalit y at most d . It has b een sho wn

to b e v ery e�cien t for the zebra problem. And it has b een successfully used to

solv e the subgraph isomorphism problem in the system RESYN

[

Vismara et al. ,

1992

]

, a computer-aided design of complex organic syn thesis plan.
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